Problem Solving and
Critical Thinking
HOW WOULD YOUR LIFESTYLE CHANGE IF A GALLON OF GAS COST $9.15?
OR IF THE PRICE OF A STAPLE SUCH AS MILK WAS $15? THAT’S HOW
much those products would cost if their prices had increased at the
same rate college tuition has increased since 1980.
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TUITION AND FEES AT FOUR-YEAR COLLEGES
School Year
Ending 2000

School Year
Ending 2016

Public

$3349

$9410

Private

$15,518

$33,480

Source: The College Board

If these trends continue, what can we expect in the
2020s and beyond? We can answer this question by
using estimation techniques that allow us to represent
the data mathematically. With such representations,
called mathematical models, we can gain insights and
predict what might occur in the future on a variety of
issues, ranging from college costs to global warming.

Here’s where you’ll find these applications:
Mathematical models involving college costs are developed in
Example 8 and Check Point 8 of Section 1.2. In Exercises 51
and 52 in Exercise Set 1.2, you will approach our climate
crisis mathematically by developing models for data related
to global warming.
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C HA P TER 1   Problem Solving and Critical Thinking

1.1
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Understand and use inductive
reasoning.

2 Understand and use deductive
reasoning.

Inductive and Deductive Reasoning
ONE OF THE NEWER FRONTIERS OF MATHEMATICS SUGGESTS
that there is an underlying order in things that appear
to be random, such as the hiss and crackle of
background noises as you tune a radio.
Irregularities in the heartbeat, some of
them severe enough to cause a heart
attack, or irregularities in our
sleeping patterns, such as
insomnia, are examples of
chaotic behavior. Chaos
in the mathematical sense
does not mean a complete
lack of form or arrangement.
In mathematics, chaos is
used to describe something that
appears to be random but is not
actually random. The patterns of
chaos appear in images like the one
shown on the left, called the Mandelbrot
set. Magnified portions of this image yield
repetitions of the original structure, as well as
new and unexpected patterns. The Mandelbrot
A magnification of the Mandelbrot set
set
transforms the hidden structure of chaotic
Richard F. Voss
events into a source of wonder and inspiration.
Many people associate mathematics with tedious computation, meaningless
algebraic procedures, and intimidating sets of equations. The truth is that
mathematics is the most powerful means we have of exploring our world and
describing how it works. The word mathematics comes from the Greek word
mathematikos, which means “inclined to learn.” To be mathematical literally means
to be inquisitive, open-minded, and interested in a lifetime of pursuing knowledge!

Mathematics and Your Life
A major goal of this book is to show you how mathematics can be applied to your life
in interesting, enjoyable, and meaningful ways. The ability to think mathematically
and reason with quantitative issues will help you so that you can:
• order and arrange your world by using sets to sort and classify information
(Chapter 2, Set Theory);
• use logic to evaluate the arguments of others and become a more effective
advocate for your own beliefs (Chapter 3, Logic);
• understand the relationship between cutting-edge technology and ancient
systems of number representation (Chapter 4, Number Representation and
Calculation);
• put the numbers you encounter in the news, from contemplating the national
debt to grasping just how colossal $1 trillion actually is, into perspective
(Chapter 5, Number Theory and the Real Number System);
• use mathematical models to gain insights into a variety of issues, including the
positive benefits that humor and laughter can have on your life (Chapter 6,
Algebra: Equations and Inequalities);
• use basic ideas about savings, loans, and investments to achieve your financial
goals (Chapter 8, Personal Finance);
• use geometry to study the shape of your world, enhancing your appreciation
of nature’s patterns and beauty (Chapter 10, Geometry);
• develop an understanding of the fundamentals of statistics and how these
numbers are used to make decisions (Chapter 12, Statistics);
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• understand the mathematical paradoxes of voting in a democracy, increasing
your ability to function as a more fully aware citizen (Chapter 13, Voting and
Apportionment);
• use graph theory to examine how mathematics is used to solve problems in
the business world (Chapter 14, Graph Theory).

Mathematics and Your Career
“It is better to take what may
seem to be too much math
rather than too little. Career
plans change, and one of
the biggest roadblocks in
undertaking new educational
or training goals is poor
preparation in mathematics.
Furthermore, not only do
people qualify for more jobs
with more math, they are also
better able to perform their
jobs.”
—Occupational Outlook Quarterly

1

Understand and use inductive
reasoning.

Generally speaking, the income of an occupation is related to the amount of
education required. This, in turn, is usually related to the skill level required in
language and mathematics. With our increasing reliance on technology, the more
mathematics you know, the more career choices you will have.

Mathematics and Your World
Mathematics is a science that helps us recognize, classify, and explore the hidden
patterns of our universe. Focusing on areas as different as planetary motion, animal
markings, shapes of viruses, aerodynamics of figure skaters, and the very origin
of the universe, mathematics is the most powerful tool available for revealing the
underlying structure of our world. Within the last 40 years, mathematicians have
even found order in chaotic events such as the uncontrolled storm of noise in the
nerve cells of the brain during an epileptic seizure.

Inductive Reasoning
Mathematics involves the study of patterns. In everyday life, we frequently rely on
patterns and routines to draw conclusions. Here is an example:
The last six times I went to the beach, the traffic was light on Wednesdays and
heavy on Sundays. My conclusion is that weekdays have lighter traffic than
weekends.
This type of reasoning process is referred to as inductive reasoning, or induction.
INDUCTIVE REASONING
Inductive reasoning is the process of arriving at a general conclusion based on
observations of specific examples.
Although inductive reasoning is a powerful method of drawing conclusions,
we can never be absolutely certain that these conclusions are true. For this reason,
the conclusions are called conjectures, hypotheses, or educated guesses. A strong
inductive argument does not guarantee the truth of the conclusion, but rather provides
strong support for the conclusion. If there is just one case for which the conjecture
does not hold, then the conjecture is false. Such a case is called a counterexample.

EXAMPLE 1

Finding a Counterexample

The ten symbols that we use to write numbers, namely 0, 1, 2, 3, 4, 5, 6, 7, 8, and
9, are called digits. In each example shown below, the sum of two two-digit
numbers is a three-digit number.
47
+73
120

6YQFKIKV
PWODGTU
6JTGGFKIKV
UWOU

56
+46
102

Is the sum of two two-digit numbers always a three-digit number? Find a
counterexample to show that the statement
The sum of two two-digit numbers is a three-digit number
is false.
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SOLUTION
There are many counterexamples, but we need to find only one. Here is an
example that makes the statement false:
6YQFKIKV
PWODGTU

GREAT QUESTION!
Why is it so important to work
each of the book’s Check
Points?
You learn best by doing. Do
not simply look at the worked
examples and conclude that
you know how to solve them.
To be sure you understand
the worked examples, try
each Check Point. Check
your answer in the answer
section before continuing your
reading. Expect to read this
book with pencil and paper
handy to work the Check
Points.

56
+43
99

6JKUKUCVYQFKIKVUWO
PQVCVJTGGFKIKVUWO

This example is a counterexample that shows the statement
The sum of two two-digit numbers is a three-digit number
is false.

CHECK POINT 1 Find a counterexample to show that the statement
The product of two two-digit numbers is a three-digit number
is false.
Here are two examples of inductive reasoning:
• Strong Inductive Argument In a random
sample of 380,000 freshmen at 722 fouryear colleges, 25% said they frequently
came to class without completing readings
or assignments (Source: National Survey
of Student Engagement). We can conclude
that there is a 95% probability that between
24.84% and 25.15% of all college freshmen
frequently come to class unprepared.
• Weak Inductive Argument
Neither my
dad nor my boyfriend has ever cried in
front of me. Therefore, men have difficulty
expressing their feelings.

+P%JCRVGT[QWYKNNNGCTPJQY
QDUGTXCVKQPUHTQOCTCPFQON[UGNGEVGF
ITQWRQPGKPYJKEJGCEJOGODGTQH
VJGRQRWNCVKQPJCUCPGSWCNEJCPEG
QHDGKPIUGNGEVGFECPRTQXKFG
RTQDCDKNKVKGUQHYJCVKUVTWGCDQWVCP
GPVKTGRQRWNCVKQP

9JGPIGPGTCNK\KPIHTQOQDUGTXCVKQPUCDQWV
[QWTQYPEKTEWOUVCPEGUCPFGZRGTKGPEGU
CXQKFLWORKPIVQJCUV[EQPENWUKQPUDCUGFQP
CHGYQDUGTXCVKQPU2U[EJQNQIKUVUVJGQTK\G
VJCVYGFQVJKUtVJCVKURNCEGGXGT[QPGKP
CPGCVECVGIQT[tVQHGGNOQTGUGEWTGCDQWV
QWTUGNXGUCPFQWTTGNCVKQPUJKRUVQQVJGTU

Inductive reasoning is extremely important to mathematicians. Discovery in
mathematics often begins with an examination of individual cases to reveal patterns
about numbers.

EXAMPLE 2

Using Inductive Reasoning

Identify a pattern in each list of numbers. Then use this pattern to find the
next number.
a. 3, 12, 21, 30, 39, ______
c. 3, 4, 6, 9, 13, 18, ______

b. 3, 12, 48, 192, 768, ______
d. 3, 6, 18, 36, 108, 216, ______

SOLUTION
a. Because 3, 12, 21, 30, 39, ______ is increasing relatively slowly, let’s use
addition as the basis for our individual observations.
3,
+=
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“For thousands of years,
people have loved numbers
and found patterns and
structures among them.
The allure of numbers is
not limited to or driven by a
desire to change the world
in a practical way. When we
observe how numbers are
connected to one another, we
are seeing the inner workings
of a fundamental concept.”
—Edward B. Burger and Michael
Starbird, Coincidences, Chaos, and
All That Math Jazz, W. W. Norton
and Company, 2005
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Generalizing from these observations, we conclude that each number
after the first is obtained by adding 9 to the previous number. Using this
pattern, the next number is 39 + 9, or 48.
b. Because 3, 12, 48, 192, 768, ______ is increasing relatively rapidly, let’s
use multiplication as the basis for our individual observations.
3,

12,

48,

192,

768, _____

×= ×= ×= ×=

Generalizing from these observations, we conclude that each number
after the first is obtained by multiplying the previous number by 4.
Using this pattern, the next number is 768 * 4, or 3072.
c. Because 3, 4, 6, 9, 13, 18, ______ is increasing relatively slowly, let’s use
addition as the basis for our individual observations.
3,
+=

4,
+=

6,

9,

+=

13,

+=

18, _____
+=

Generalizing from these observations, we conclude that each number
after the first is obtained by adding a counting number to the previous
number. The additions begin with 1 and continue through each
successive counting number. Using this pattern, the next number is
18 + 6, or 24.
d. Because 3, 6, 18, 36, 108, 216, ______ is increasing relatively rapidly, let’s
use multiplication as the basis for our individual observations.
3,

6,

×=

18,

36,

×= ×=

108,

×=

216, _____
×=

Generalizing from these observations, we conclude that each number
after the first is obtained by multiplying the previous number by 2 or by 3.
The multiplications begin with 2 and then alternate, multiplying by 2,
then 3, then 2, then 3, and so on. Using this pattern, the next number is
216 * 3, or 648.

CHECK POINT 2 Identify a pattern in each list of numbers. Then use this
pattern to find the next number.
a. 3, 9, 15, 21, 27, ______
b. 2, 10, 50, 250, ______
c. 3, 6, 18, 72, 144, 432, 1728, ______
d. 1, 9, 17, 3, 11, 19, 5, 13, 21, ______
In our next example, the patterns are a bit more complex than the additions
and multiplications we encountered in Example 2.

EXAMPLE 3

Using Inductive Reasoning

Identify a pattern in each list of numbers. Then use this pattern to find the
next number.
a. 1, 1, 2, 3, 5, 8, 13, 21, ______
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SOLUTION

8

a. We begin with 1, 1, 2, 3, 5, 8, 13, 21. Starting with the third number in the
list, let’s form our observations by comparing each number with the two
numbers that immediately precede it.

5

3

1,

2

1,

2,

RTGEGFGFD[
CPF
+=

1

1

As this tree branches, the number of
branches forms the Fibonacci sequence.

3,

5,

RTGEGFGFD[
CPF
+=

8,

13,

RTGEGFGFD[ RTGEGFGFD[
CPF
CPF
+= +=

21, _____

RTGEGFGFD[ RTGEGFGFD[
CPF
CPF
+= +=

The first two numbers are 1. Generalizing from these observations, we
conclude that each number thereafter is the sum of the two preceding
numbers. Using this pattern, the next number is 13 + 21, or 34. (The
numbers 1, 1, 2, 3, 5, 8, 13, 21, and 34 are the first nine terms of the
Fibonacci sequence, discussed in Chapter 5, Section 5.7.)
b. Now, we consider 23, 54, 95, 146, 117, 98. Let’s use the digits that form
each number as the basis for our individual observations. Focus on the
sum of the digits, as well as the final digit increased by 1.
+=

23,
+=

+=

54,

+= ++= ++=

95,

+=

146,

+=

117,

+=

98, _____
+=

Generalizing from these observations, we conclude that for each number
after the first, we obtain the first digit or the first two digits by adding
the digits of the previous number. We obtain the last digit by adding 1
to the final digit of the preceding number. Applying this pattern to find
the number that follows 98, the first two digits are 9 + 8, or 17. The last
digit is 8 + 1, or 9. Thus, the next number in the list is 179.

GREAT QUESTION!
Can a list of numbers have more than one pattern?
Yes. Consider the illusion in Figure 1.1. This ambiguous figure contains two patterns, where it is not clear which pattern should
predominate. Do you see a wine goblet or two faces looking at each other? Like this ambiguous figure, some lists of numbers
can display more than one pattern, particularly if only a few numbers are given. Inductive reasoning can result in more than one
probable next number in a list.
Example:

1, 2, 4, __________

Pattern: Each number after the first is obtained by multiplying the previous
number by 2. The missing number is 4 * 2, or 8.
Pattern: Each number after the first is obtained by adding successive counting
numbers, starting with 1, to the previous number. The second number is 1 + 1, or 2.
The third number is 2 + 2, or 4. The missing number is 4 + 3, or 7.
Inductive reasoning can also result in different patterns that produce the same probable
next number in a list.
Example:

1, 4, 9, 16, 25, __________

Pattern: Start by adding 3 to the first number. Then add successive odd numbers,
5, 7, 9, and so on. The missing number is 25 + 11, or 36.

FI G U R E 1 . 1

Pattern: Each number is obtained by squaring its position in the list: The first number is 12 = 1 * 1 = 1, the second
number is 22 = 2 * 2 = 4, the third number is 32 = 3 * 3 = 9, and so on. The missing sixth number is 62 = 6 * 6, or 36.
The numbers that we found in Examples 2 and 3 are probable numbers. Perhaps you found patterns other than the ones we
pointed out that might have resulted in different answers.
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CHECK POINT 3 Identify a pattern in each list of numbers. Then use this
pattern to find the next number.
a. 1, 3, 4, 7, 11, 18, 29, 47, ______
b. 2, 3, 5, 9, 17, 33, 65, 129, ______

Mathematics is more than recognizing number patterns. It is about the patterns
that arise in the world around us. For example, by describing patterns formed
by various kinds of knots, mathematicians are helping scientists investigate the
knotty shapes and patterns of viruses. One of the weapons used against viruses
is based on recognizing visual patterns in the possible ways that knots can
be tied.
Our next example deals with recognizing visual patterns.

EXAMPLE 4

Finding the Next Figure in a Visual Sequence

Describe two patterns in this sequence of figures. Use the patterns to draw the
next figure in the sequence.

This electron microscope photograph
shows the knotty shape of the Ebola virus.

,

,

,

,

SOLUTION
The more obvious pattern is that the figures alternate between circles and
squares. We conclude that the next figure will be a circle. We can identify
the second pattern in the four regions containing no dots, one dot, two dots,
and three dots. The dots are placed in order (no dots, one dot, two dots, three
dots) in a clockwise direction. However, the entire pattern of the dots rotates
counterclockwise as we follow the figures from left to right. This means that
the next figure should be a circle with a single dot in the right-hand region,
two dots in the bottom region, three dots in the left-hand region, and no dots
in the top region.
The missing figure in the visual sequence, a circle with
a single dot in the right-hand region, two dots in the bottom
region, three dots in the left-hand region, and no dots in the
top region, is drawn in Figure 1.2.
FIG UR E 1 .2

CHECK POINT 4 Describe two patterns in this sequence of figures. Use the
patterns to draw the next figure in the sequence.

,
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Blitzer Bonus
Are You Smart Enough to Work at Google?
In Are You Smart Enough to Work at Google? (Little, Brown,
and Company, 2012), author William Poundstone guides readers
through the surprising solutions to challenging job-interview
questions. The book covers the importance of creative thinking
in inductive reasoning, estimation, and problem solving. Best of
all, Poundstone explains the answers.

Whether you’re preparing for a job interview or simply want to
increase your critical thinking skills, we highly recommend tackling
the puzzles in Are You Smart Enough to Work at Google? Here
is a sample of two of the book’s problems that involve inductive
reasoning. We’ve provided hints to help you recognize the pattern
in each sequence. The answers appear in the answer section.
1. Determine the next entry in the sequence.
?
SSS, SCC, C, SC, ______
Hint: Think of the capital letters in the English alphabet.
A is made up of three straight lines. B consists of one straight
line and two curved lines. C is made up of one curved line.
2. Determine the next line in this sequence of digits.
1

1
?

2

Understand and use deductive
reasoning.

1
1
?

1
2
2
1
?

1
1
1
2
?

6JGƂTUVTQYEQPVCKPUQPG
6JGUGEQPFTQYEQPVCKPUVYQU

1
2
?

6JGVJKTFTQYEQPVCKPUQPGCPFQPG

1
?

Deductive Reasoning
We use inductive reasoning in everyday life. Many of the conjectures that come
from this kind of thinking seem highly likely, although we can never be absolutely
certain that they are true. Another method of reasoning, called deductive reasoning,
or deduction, can be used to prove that some conjectures are true.
DEDUCTIVE REASONING
Deductive reasoning is the process of proving a specific conclusion from one or
more general statements. A conclusion that is proved to be true by deductive
reasoning is called a theorem.
Deductive reasoning allows us to draw a specific conclusion from one or more
general statements. Two examples of deductive reasoning are shown below. Notice
that in both everyday situations, the general statement from which the conclusion is
drawn is implied rather than directly stated.

Everyday Situation

Deductive Reasoning

One player to another in a Scrabble
game: “You have to remove those
five letters. You can’t use TEXAS
as a word.”

• All proper names are prohibited
in Scrabble.
TEXAS is a proper name.
Therefore, TEXAS is prohibited
in Scrabble.

IGPGTCNUVCVGOGPV

Advice to college freshmen on
choosing classes: “Never sign up for
a 7 A.M. class. Yes, you did it in
high school, but Mom was always there
to keep waking you up, and if by
some miracle you do make it to an
early class, you will sleep through the
lecture when you get there.”

• All people need to sleep at 7 A.M.
You sign up for a class at 7 A.M.
Therefore, you'll sleep through
the lecture or not even make
it to class.

IGPGTCNUVCVGOGPV

(Source: How to Survive Your
Freshman Year, Hundreds of Heads
Books, 2004)
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A BRIEF REVIEW
In case you have forgotten
some basic terms of
arithmetic, the following list
should be helpful.
Sum:

the result of
addition

Difference:

the result of
subtraction

Product:

the result of
multiplication

Quotient:

the result of
division

9

Our next example illustrates the difference between inductive and deductive
reasoning. The first part of the example involves reasoning that moves from specific
examples to a general statement, illustrating inductive reasoning. The second part of
the example begins with the general case rather than specific examples and illustrates
deductive reasoning. To begin the general case, we use a letter to represent any one of
various numbers. A letter used to represent any number in a collection of numbers is
called a variable. Variables and other mathematical symbols allow us to work with the
general case in a very concise manner.

EXAMPLE 5

Using Inductive and Deductive Reasoning

Consider the following procedure:
Select a number. Multiply the number by 6. Add 8 to the product. Divide
this sum by 2. Subtract 4 from the quotient.
a. Repeat this procedure for at least four different numbers. Write a conjecture
that relates the result of this process to the original number selected.
b. Use the variable n to represent the original number and use deductive
reasoning to prove the conjecture in part (a).

SOLUTION
a. First, let us pick our starting numbers. We will use 4, 7, 11, and 100, but
we could pick any four numbers. Next we will apply the procedure given
in this example to 4, 7, 11, and 100, four individual cases, in Table 1.1.

T A B L E 1 . 1 Applying a Procedure to Four Individual Cases

Select a number.

4

7

11

100

Multiply the number by 6.

4 * 6 = 24

7 * 6 = 42

11 * 6 = 66

100 * 6 = 600

Add 8 to the product.

24 + 8 = 32

42 + 8 = 50

66 + 8 = 74

600 + 8 = 608

Divide this sum by 2.

32
= 16
2

50
= 25
2

74
= 37
2

608
= 304
2

Subtract 4 from the quotient.

16 - 4 = 12

25 - 4 = 21

37 - 4 = 33

304 - 4 = 300

Because we are asked to write a conjecture that relates the result of this
process to the original number selected, let us focus on the result of each case.
Original number selected
Result of the process

4

7

11

100

12

21

33

300

Do you see a pattern? Our conjecture is that the result of the process is
three times the original number selected. We have used inductive reasoning.
b. Now we begin with the general case rather than specific examples. We
use the variable n to represent any number.
5GNGEVCPWODGT
/WNVKRN[VJGPWODGTD[

n
6n (This means 6 times n.)

#FFVQVJGRTQFWEV

6n + 8

&KXKFGVJKUUWOD[

6n + 8
6n
8
=
+
= 3n + 4
2
2
2

5WDVTCEVHTQOVJGSWQVKGPV

3n + 4 - 4 = 3n

Using the variable n to represent any number, the result is 3n, or three
times the number n. This proves that the result of the procedure is
three times the original number selected for any number. We have used
deductive reasoning. Observe how algebraic notation allows us to work
with the general case quite efficiently through the use of a variable.
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CHECK POINT 5 Consider the following procedure:
Select a number. Multiply the number by 4. Add 6 to the product. Divide this
sum by 2. Subtract 3 from the quotient.
a. Repeat this procedure for at least four different numbers. Write a
conjecture that relates the result of this process to the original number
selected.
b. Use the variable n to represent the original number and use deductive
reasoning to prove the conjecture in part (a).

Blitzer Bonus
Surprising Friends with Induction
Ask a few friends to follow this procedure:
Write down a whole number from 2 to 10. Multiply the
number by 9. Add the digits. Subtract 3. Assign a letter to this
result using A = 1, B = 2, C = 3, and so on. Write down the
name of a state that begins with this letter. Select the name of
an insect that begins with the last letter of the state. Name a
fruit or vegetable that begins with the last letter of the insect.

After following this procedure, surprise your friend
by asking, “Are you thinking of an ant in Florida eating a
tomato?” (Try using inductive reasoning to determine how
you came up with this “astounding” question. Are other lessprobable “astounding” questions possible using inductive
reasoning?)

Concept and Vocabulary Check
GREAT QUESTION!
What am I supposed to do with the exercises in the Concept and Vocabulary Check?
An important component of thinking mathematically involves knowing the special language and notation used in mathematics.
The exercises in the Concept and Vocabulary Check, mainly fill-in-the-blank and true/false items, test your understanding of the
definitions and concepts presented in each section. Work all of the exercises in the Concept and Vocabulary Check regardless of
which exercises your professor assigns in the Exercise Set that follows.
Fill in each blank so that the resulting statement is true.
1. The statement 3 + 3 = 6 serves as a/an ______________ to the
conjecture that the sum of two odd numbers is an odd number.

3. Arriving at a general conclusion based on observations of
specific examples is called ___________ reasoning.

2. Arriving at a specific conclusion from one or more general
statements is called ___________ reasoning.

4. True or False: A theorem cannot have counterexamples.
_______

Exercise Set 1.1
GREAT QUESTION!
Any way that I can perk up my brain before working the book’s Exercise Sets?
Researchers say the mind can be strengthened, just like your muscles, with regular training
and rigorous practice. Think of the book’s Exercise Sets as brain calisthenics. If you’re feeling a
bit sluggish before any of your mental workouts, try this warmup:
In the list below, say the color the word is printed in, not the word itself. Once you can
do this in 15 seconds without an error, the warmup is over and it’s time to move on to
the assigned exercises.
Blue Yellow Red Green Yellow Green Blue Red Yellow Red
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Practice Exercises
In Exercises 1–8, find a counterexample to show that each of the
statements is false.

Exercises 43–46 describe procedures that are to be applied to
numbers. In each exercise,
a. Repeat the procedure for four numbers of your choice.
Write a conjecture that relates the result of the process to
the original number selected.

1. No U.S. president has been younger than 65 at the time of
his inauguration.

b. Use the variable n to represent the original number and use
deductive reasoning to prove the conjecture in part (a).

2. No singers appear in movies.
3. If a number is multiplied by itself, the result is even.
4. The sum of two three-digit numbers is a four-digit number.
5. Adding the same number to both the numerator and the
denominator (top and bottom) of a fraction does not change
the fraction’s value.
6. If the difference between two numbers is odd, then the two
numbers are both odd.
7. If a number is added to itself, the sum is greater than the
original number.
8. If 1 is divided by a number, the quotient is less than that
number.
In Exercises 9–38, identify a pattern in each list of numbers. Then use
this pattern to find the next number. (More than one pattern might
exist, so it is possible that there is more than one correct answer.)
9. 8, 12, 16, 20, 24, ______

10. 19, 24, 29, 34, 39, ______

11. 37, 32, 27, 22, 17, ______

12. 33, 29, 25, 21, 17, ______

13. 3, 9, 27, 81, 243, _______

14. 2, 8, 32, 128, 512, ______

15. 1, 2, 4, 8, 16, ______

16. 1, 5, 25, 125, _______

17. 1, 4, 1, 8, 1, 16, 1, ______

18. 1, 4, 1, 7, 1, 10, 1, ______

19. 4, 2, 0, - 2, - 4, _______

20. 6, 3, 0, -3, - 6, _____

21.
23.

1 1 1 1 1
2 , 6 , 10 , 14 , 18 , _____
1
1, 13 , 19 , 27
, _____

43. Select a number. Multiply the number by 4. Add 8 to
the product. Divide this sum by 2. Subtract 4 from the
quotient.
44. Select a number. Multiply the number by 3. Add 6 to the
product. Divide this sum by 3. Subtract the original selected
number from the quotient.
45. Select a number. Add 5. Double the result. Subtract 4. Divide
by 2. Subtract the original selected number.
46. Select a number. Add 3. Double the result. Add 4. Divide
by 2. Subtract the original selected number.
In Exercises 47–52, use inductive reasoning to predict the next
line in each sequence of computations. Then use a calculator
or perform the arithmetic by hand to determine whether your
conjecture is correct.
47.

22. 1, 12 , 13 , 14 , 15 , _____

24. 1, 12 , 14 , 18 , _____

25. 3, 7, 12, 18, 25, 33, ______

26. 2, 5, 9, 14, 20, 27, ______

27. 3, 6, 11, 18, 27, 38, ______

28. 2, 5, 10, 17, 26, 37, ______

29. 3, 7, 10, 17, 27, 44, ______

30. 2, 5, 7, 12, 19, 31, ______

48.

31. 2, 7, 12, 5, 10, 15, 8, 13, ______
32. 3, 9, 15, 5, 11, 17, 7, 13, ______
33. 3, 6, 5, 10, 9, 18, 17, 34, ______
34. 2, 6, 5, 15, 14, 42, 41, 123, _______
49.

35. 64, -16, 4, - 1, _____

1
2 , (2, -2), (3, ______ )
4
1 23 , 49 2 , 1 15 , 251 2 , (7, 49), 1 - 56 , 25
36 2 , 1 - 7 , ______ 2

37. (6, 2), (0, - 4),
38.

2 *
2
3 *
1 + 2 + 3 =
2
4 *
1 + 2 + 3 + 4 =
2
5 *
1 + 2 + 3 + 4 + 5 =
2
1 + 2 =

3
4
5
6

6 * 3
2
9 * 4
3 + 6 + 9 =
2
3 + 6 =

3 + 6 + 9 + 12 =

12 * 5
2

3 + 6 + 9 + 12 + 15 =

15 * 6
2

1 + 3 = 2 * 2
1 + 3 + 5 = 3 * 3

36. 125, - 25, 5, -1, _____
7 12 ,

11

1 + 3 + 5 + 7 = 4 * 4

3 12

1 + 3 + 5 + 7 + 9 = 5 * 5

In Exercises 39–42, identify a pattern in each sequence of figures.
Then use the pattern to find the next figure in the sequence.

50. 1 * 9 + (1 + 9) = 19
2 * 9 + (2 + 9) = 29
3 * 9 + (3 + 9) = 39

39.
,

,

,

,

4 * 9 + (4 + 9) = 49

,

51.

40.

9 * 9 + 7 = 88
98 * 9 + 6 = 888

,

41.

a

,

a

,

,
c

b b b

c

9876 * 9 + 4 = 88,888

c

c
,

987 * 9 + 5 = 8888

,

52.

,

,

42.

1 * 9 - 1 = 8
21 * 9 - 1 = 188
321 * 9 - 1 = 2888

,

,
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Practice Plus
In Exercises 53–54, use inductive reasoning to predict the next line in
each sequence of computations. Then use a calculator or perform the
arithmetic by hand to determine whether your conjecture is correct.
53. 33
66
99
132
54.

* 3367
* 3367
* 3367
* 3367
1 * 8
12 * 8
123 * 8
1234 * 8
12,345 * 8

=
=
=
=
+
+
+
+
+

111,111
222,222
333,333
444,444
1 = 9
2 = 98
3 = 987
4 = 9876
5 = 98,765

60. The course policy states that work turned in late will be marked
down a grade. I turned in my report a day late, so it was marked
down from B to C.
61. The ancient Greeks studied figurate numbers, so named
because of their representations as geometric arrangements
of points.
		Triangular Numbers

55. Study the pattern in these examples:
a2 # a4 = a10 a3 # a2 = a7 a5 # a3 = a11.
Select the equation that describes the pattern.
a. ax # ay = a2x + y
c. ax # ay = ax + y + 4

1

a. ax * ay * az = axx ++ yy++z z
y

z

c. a * a * a = a

4

9

15

21

16

25

		Pentagonal Numbers
+z

Application Exercises
In Exercises 57–60, identify the reasoning process, induction or
deduction, in each example. Explain your answer.
1 + 2 + 3 + g + n =

10

xyz
2

d. ax * ay * az = a 2

57. It can be shown that

6

1

b. ax * ay * az = a xy

2

3

		Square Numbers

b. ax # ay = ax + 2y
d. ax # ay = axy + 2

56. Study the pattern in these examples:
a5 * a3 * a2 = a5 a3 * a7 * a2 = a6 a2 * a4 * a8 = a7.
Select the equation that describes the pattern.
x

Using the graph at the bottom of the previous column, we can
conclude that there is a high probability that approximately
44% of all full-time four-year college students in the United
States believe that alcohol abuse is the greatest problem on
campus.

n(n + 1)

.
2
I can use this formula to conclude that the sum of the first
one hundred counting numbers, 1 + 2 + 3 + g + 100, is
100(100 + 1)
100(101)
=
= 50(101), or 5050.
2
2
58. An HMO does a follow-up study on 200 randomly selected
patients given a flu shot. None of these people became
seriously ill with the flu. The study concludes that all HMO
patients be urged to get a flu shot in order to prevent a
serious case of the flu.
59. The data in the graph are from a random sample of 1200 fulltime four-year undergraduate college students on 100 U.S.
campuses.

1

5

12

22

a. Use inductive reasoning to write the five triangular
numbers that follow 21.
b. Use inductive reasoning to write the five square numbers
that follow 25.
c. Use inductive reasoning to write the five pentagonal
numbers that follow 22.
d. Use inductive reasoning to complete this statement: If a
triangular number is multiplied by 8 and then 1 is added
to the product, a _______ number is obtained.
62. The triangular arrangement of numbers shown below is
known as Pascal’s triangle, credited to French mathematician
Blaise Pascal (1623–1662). Use inductive reasoning to find
the six numbers designated by question marks.
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
? ? ? ? ? ?

The Greatest Problems on Campus

Percentage of Students
Identifying the Problem

50%

44%

40%

Explaining the Concepts
40%

30%

23%

20%

21%

19%

18%

10%
Alcohol
Abuse

Cost Student Lack of Drug
of
Loan Financial Abuse
Education Debt
Aid

Source: Student Monitor LLC
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Drunk
Driving

An effective way to understand something is to explain it
to someone else. You can do this by using the Explaining
the Concepts exercises that ask you to respond with verbal
or written explanations. Speaking about a new concept uses a
different part of your brain than thinking about the concept.
Explaining new ideas verbally will quickly reveal any gaps in
your understanding. It will also help you to remember new
concepts for longer periods of time.
63. The word induce comes from a Latin term meaning to lead.
Explain what leading has to do with inductive reasoning.
64. Describe what is meant by deductive reasoning. Give an
example.

21/11/17 10:32 am
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65. Give an example of a decision that you made recently
in which the method of reasoning you used to reach
the decision was induction. Describe your reasoning
process.

Critical Thinking Exercises
Make Sense? In Exercises 66–69, determine whether each statement
makes sense or does not make sense, and explain your reasoning.
66. I use deductive reasoning to draw conclusions that are not
certain, but likely.
67. Additional information may strengthen or weaken the
probability of my inductive arguments.
68. I used the data shown in the bar graph, which summarizes
a random sample of 752 college seniors, to conclude with
certainty that 51% of all graduating college females expect
to earn $30,000 or less after graduation.
First-Year Income Expectations
of Graduating College Seniors
Percentage of Graduating
College Seniors

60%
51%

50%
40%

Men
Women

35%
29%

30%

13

72. Write a list of numbers that has two patterns so that the next
number in the list can be 15 or 20.
73. a. Repeat the following procedure with at least five
people. Write a conjecture that relates the result of the
procedure to each person’s birthday.
Take the number of the month of your birthday
(January = 1, February = 2, c , December = 12),
multiply by 5, add 6, multiply this sum by 4, add 9,
multiply this new sum by 5, and add the number of the
day on which you were born. Finally, subtract 165.
b. Let M represent the month number and let D represent
the day number of any person’s birthday. Use deductive
reasoning to prove your conjecture in part (a).

Technology Exercises
74. a. Use a calculator to find 6 * 6, 66 * 66, 666 * 666, and
6666 * 6666.
b. Describe a pattern in the numbers being multiplied and
the resulting products.
c. Use the pattern to write the next two multiplications
and their products. Then use your calculator to verify
these results.
d. Is this process an example of inductive or deductive
reasoning? Explain your answer.

20%
12%
10%
$50,000
or more

$30,000
or less

Source: Duquesne University Seniors’ Economic Expectation Research Survey

69. I used the data shown in the bar graph for Exercise 68,
which summarizes a random sample of 752 college seniors,
to conclude inductively that a greater percentage of male
graduates expect higher first-year income than female
graduates.
70. If (6 - 2)2 = 36 - 24 + 4 and (8 - 5)2 = 64 - 80 + 25,
use inductive reasoning to write a compatible expression for
(11 - 7)2.
71. The rectangle shows an array of nine numbers represented
by combinations of the variables a, b, and c.
a + b

a - b - c

a + c

a - b + c

a

a + b - c

a - c

a + b + c

a - b

a. Determine the nine numbers in the array for a = 10,
b = 6, and c = 1. What do you observe about the sum
of the numbers in all rows, all columns, and the two
diagonals?
b. Repeat part (a) for a = 12, b = 5, and c = 2.
c. Repeat part (a) for values of a, b, and c of your choice.
d. Use the results of parts (a) through (c) to make an
inductive conjecture about the rectangular array of nine
numbers represented by a, b, and c.

75. a. Use a calculator to find 3367 * 3, 3367 * 6, 3367 * 9,
and 3367 * 12.
b. Describe a pattern in the numbers being multiplied and
the resulting products.
c. Use the pattern to write the next two multiplications
and their products. Then use your calculator to verify
these results.
d. Is this process an example of inductive or deductive
reasoning? Explain your answer.

Group Exercise
76. Stereotyping refers to classifying people, places, or things
according to common traits. Prejudices and stereotypes
can function as assumptions in our thinking, appearing
in inductive and deductive reasoning. For example, it is
not difficult to find inductive reasoning that results in
generalizations such as these, as well as deductive reasoning
in which these stereotypes serve as assumptions:
School has nothing to do with life.
Intellectuals are nerds.
People on welfare are lazy.
Each group member should find one example of inductive
reasoning and one example of deductive reasoning in which
stereotyping occurs. Upon returning to the group, present
each example and then describe how the stereotyping
results in faulty conjectures or prejudging situations and
people.

e. Use deductive reasoning to prove your conjecture in
part (d).
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1.2

Estimation, Graphs, and
Mathematical Models

WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Use estimation techniques to

arrive at an approximate answer
to a problem.

2 Apply estimation techniques to
information given by graphs.

3 Develop mathematical models
that estimate relationships
between variables.

IF PRESENT TRENDS CONTINUE, IS IT POSSIBLE THAT OUR DESCENDANTS COULD LIVE
to be 200 years of age? To answer this question, we need to examine data for
life expectancy and develop estimation techniques for representing the data
mathematically. In this section, you will learn estimation methods that will enable
you to obtain mathematical representations of data displayed by graphs, using
these representations to predict what might occur in the future.

1

Use estimation techniques to
arrive at an approximate answer
to a problem.

Estimation
Estimation is the process of arriving at an approximate answer to a question. For
example, companies estimate the amount of their products consumers are likely to
use, and economists estimate financial trends. If you are about to cross a street, you
may estimate the speed of oncoming cars so that you know whether or not to wait
before crossing. Rounding numbers is also an estimation method. You might round
a number without even being aware that you are doing so. You may say that you
are 20 years old, rather than 20 years 5 months, or that you will be home in about a
half-hour, rather than 25 minutes.
You will find estimation to be equally valuable in your work for this class.
Making mistakes with a calculator or a computer is easy. Estimation can tell us
whether the answer displayed for a computation makes sense.
In this section, we demonstrate several estimation methods. In the second part
of the section, we apply these techniques to information given by graphs.

Rounding Whole Numbers
The numbers that we use for counting, 1, 2, 3, 4, 5, 6, 7, and so on, are called
natural numbers. When we combine 0 with the natural numbers, we obtain the
whole numbers.
WHOLE NUMBERS
The whole numbers are
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, … .
6JGUOCNNGUVYJQNG
PWODGTKU

6JGVJTGGFQVUOGCPVJCVVJGNKUVEQPVKPWGU
YKVJQWVGPF6JGTGKUPQNCTIGUVYJQNGPWODGT

The numbers 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 are called digits, from the Latin word
for fingers. Digits are used to write whole numbers.
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2 , 0

QPG

4

VGP

6 , 2

JWPF
TGF

7

VJQW
UCPF

JWPF
TGF

OKNNK
QP

7 , 4

VGP

DKNNK
QP

Hyphenate the names for
the numbers 21 (twenty-one)
through 99 (ninety-nine),
except 30, 40, 50, 60, 70, 80,
and 90.

OKNNK
QP
OKNNK
QP

2NCEGXCNWGU

VGP

When do I need to use
hyphens to write the names of
numbers?

VJQW
UCPF
VJQW
UCPF

The position of each digit in a whole number tells us the value of that digit. Here
is an example using world population at 7:35 a.m. Eastern Time on January 9, 2017.

JWPF
TGF

GREAT QUESTION!

15

5

6

6JKUPWODGTKUTGCFpUGXGPDKNNKQPHQWTJWPFTGFUGXGPV[UKZOKNNKQP
VYQJWPFTGFHQTV[VYQVJQWUCPFƂHV[UKZq

ROUNDING WHOLE NUMBERS
1. Look at the digit to the right of the digit where rounding is to occur.
2. a. If the digit to the right is 5 or greater, add 1 to the digit to be rounded.
Replace all digits to the right with zeros.
b. If the digit to the right is less than 5, do not change the digit to be
rounded. Replace all digits to the right with zeros.
The symbol ≈ means is approximately equal to. We will use this symbol when
rounding numbers.

EXAMPLE 1

Rounding a Whole Number

Round world population (7,476,242,056) as follows:
a. to the nearest hundred-million
b. to the nearest million
c. to the nearest hundred-thousand.

SOLUTION
a.

L

7,476,242,056
*WPFTGFOKNNKQPUFKIKV
YJGTGTQWPFKPIKUVQQEEWT

&KIKVVQVJG
TKIJVKU
ITGCVGTVJCP

7,500,000,000
4GRNCEGCNNFKIKVUVQ
VJGTKIJVYKVJ\GTQU

#FFVQVJGFKIKV
VQDGTQWPFGF

World population to the nearest hundred-million is seven billion,
five hundred-million.
b.

7,476,242,056
/KNNKQPUFKIKVYJGTG
TQWPFKPIKUVQQEEWT

L

7,476,000,000

&KIKVVQVJGTKIJVKU
NGUUVJCP

&QPQVEJCPIGVJG
FKIKVVQDGTQWPFGF

4GRNCEGCNNFKIKVUVQ
VJGTKIJVYKVJ\GTQU

World population to the nearest million is seven billion, four hundred
seventy-six million.
c.

7,476,242,056
*WPFTGFVJQWUCPFUFKIKV
YJGTGTQWPFKPIKUVQQEEWT

L

&KIKVVQVJGTKIJV
KUNGUUVJCP

7,476,200,000
&QPQVEJCPIGVJGFKIKV
VQDGTQWPFGF

4GRNCEGCNNFKIKVUVQ
VJGTKIJVYKVJ\GTQU

World population to the nearest hundred-thousand is seven billion, four
hundred seventy-six million, two hundred thousand.
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CHECK POINT 1 Round world population (7,476,242,056) as follows:
a. to the nearest billion
b. to the nearest ten-million.

EG

OKNNK
QPVJ

URNC

UCPF

VJUR

VJQW

JWPF

TGF

NCEG

UCPF

5

9

2

VJQW
VGP

VJUR

JUR

1

UCPF

VJQW

4

p L 3 . 1

TGFV

JUR

JWPF

VGPV

QPGU

RNCE

G

NCEG

NCEG

NCEG

VJUR
NCEG

Rounding can also be applied to decimal notation, used to denote a part
of a whole. Once again, the place that a digit occupies tells us its value. Here’s
an example using the first seven digits of the number p (pi). (We’ll have more
to say about p, whose digits extend endlessly with no repeating pattern, in
Chapter 5.)

&GEKOCNRQKPV

We round the decimal part of a decimal number in nearly the same way that we
round whole numbers. The only difference is that we drop the digits to the right of
the rounding place rather than replacing these digits with zeros.

EXAMPLE 2

Rounding the Decimal Part of a Number

Round 3.141592, the first seven digits of p, as follows:
a. to the nearest hundredth
b. to the nearest thousandth.

SOLUTION
GREAT QUESTION!

a.

*WPFTGFVJUFKIKVYJGTG
TQWPFKPIKUVQQEEWT

Could you please explain
how the decimal numbers in
Example 2 are read?
Of course! The whole-number
part to the left of the decimal
point is read like any whole
number, which is three in
both parts of Example 2. The
decimal point is read as and.
The decimal part to the right of
the decimal point is read like a
whole number followed by the
place value of the rightmost
digit. In 3.14, the 4 is in the
hundredths place, so there are
fourteen hundredths. In 3.142,
the 2 is in the thousandths
place, so there are one hundred
forty-two thousandths.
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3.141592

L

&KIKVVQVJGTKIJVKU
NGUUVJCP

3.14
&QPQVEJCPIGVJG &TQRCNNFKIKVUVQ
VJGTKIJV
FKIKVVQDGTQWPFGF

The number p to the nearest hundredth is three and fourteen hundredths.
b.

3.141592
6JQWUCPFVJUFKIKVYJGTG
TQWPFKPIKUVQQEEWT

L

&KIKVVQVJG
TKIJVKU

3.142
#FFVQVJGFKIKV
VQDGTQWPFGF

&TQRCNNFKIKVUVQ
VJGTKIJV

The number p to the nearest thousandth is three and one hundred
forty-two thousandths.

CHECK POINT 2 Round 3.141592, the first seven digits of p, as follows:
a. to the nearest tenth
b. to the nearest ten-thousandth.
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Blitzer Bonus
Estimating Support for
a Cause
Police often need to estimate
the size of a crowd at a political
demonstration. One way to do
this is to select a reasonably
sized rectangle within the crowd
and estimate (or count) the
number of people within the
rectangle. Police then estimate
the number of such rectangles
it would take to completely
fill the area occupied by the
crowd. The police estimate is
obtained by multiplying the
number of such rectangles by
the number of demonstrators in
the representative rectangle. The
organizers of the demonstration
might give a larger estimate
than the police to emphasize the
strength of their support.

EXAMPLE 3

17

Estimation by Rounding

You purchased bread for $2.59, detergent for $5.17, a sandwich for $3.65, an
apple for $0.47, and coffee for $8.79. The total bill was given as $24.67. Is this
amount reasonable?

SOLUTION
If you are in the habit of carrying a calculator to the store, you can answer the
question by finding the exact cost of the purchase. However, estimation can be
used to determine if the bill is reasonable even if you do not have a calculator.
We will round the cost of each item to the nearest dollar.

4QWPFVQVJG
PGCTGUVFQNNCT

Bread
Detergent
Sandwich
Apple
Coffee

7UGFKIKVUKPVJGVGPVJU
RNCEGVQFQVJGTQWPFKPI

$2.59
$5.17
$3.65
$0.47
$8.79

L
L
L
L
L

$3.00
$5.00
$4.00
$0.00
$9.00
$21.00

The total bill that you were given, $24.67, seems a bit high compared to the
$21.00 estimate. You should check the bill before paying it. Adding the prices
of all five items gives the true total bill of $20.67.

CHECK POINT 3 You and a friend ate lunch at Ye Olde Cafe. The check for
the meal showed soup for $3.40, tomato juice for $2.25, a roast beef sandwich for
$5.60, a chicken salad sandwich for $5.40, two coffees totaling $3.40, apple pie
for $2.85, and chocolate cake for $3.95.
a. Round the cost of each item to the nearest dollar and obtain an estimate
for the food bill.
b. The total bill before tax was given as $29.85. Is this amount reasonable?

EXAMPLE 4

Estimation by Rounding

A carpenter who works full time earns $28 per hour.
a. Estimate the carpenter’s weekly salary.
b. Estimate the carpenter’s annual salary.

SOLUTION
a. In order to simplify the calculation, we can round the hourly rate of $28
to $30. Be sure to write out the units for each number in the calculation.
The work week is 40 hours per week, and the rounded salary is $30 per
hour. We express this as
40 hours
week
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GREAT QUESTION!
Is it OK to cancel identical
units if one unit is singular and
the other is plural?
Yes. It does not matter whether
a unit is singular, such as week,
or plural, such as weeks. Week
and weeks are identical units
and can be canceled out, as
shown on the right.

The word per is represented by the division bar. We multiply these two
numbers to estimate the carpenter’s weekly salary. We cancel out units
that are identical if they are above and below the division bar.
40 hours
+30
+1200
*
=
week
hour
week
Thus, the carpenter earns approximately $1200 per week, written
≈ +1200.
b. For the estimate of annual salary, we may round 52 weeks to 50 weeks.
The annual salary is approximately the product of $1200 per week and
50 weeks per year:
+60,000
+1200
50 weeks
.
*
=
year
year
week
Thus, the carpenter earns approximately $60,000 per year, or $60,000
annually, written ≈ +60,000.

CHECK POINT 4 A landscape architect who works full time earns $52 per hour.
a. Estimate the landscape architect’s weekly salary.
b. Estimate the landscape architect’s annual salary.

2

Apply estimation techniques to
information given by graphs.

Estimation with Graphs
Magazines,
newspapers,
and
websites often display information
using circle, bar, and line graphs.
The following examples illustrate
how rounding and other estimation
techniques can be applied to data
displayed in each of these types of
graphs.
Circle graphs, also called pie
charts, show how a whole quantity is
divided into parts. Circle graphs are
divided into pieces, called sectors.
Figure 1.3 shows a circle graph that
indicates how Americans disagree
as to when “old age” begins.

A BRIEF REVIEW

Americans’ Definition of Old Age
Decline in mental
functioning
32%
Reaching a
specific age

14%
41%
9%

Don’t know 1%
Retirement

3%
Becoming a
grandparent

Decline in
physical ability

FI G U R E 1 . 3
Source: American Demographics

Percents

• Percents are the result of expressing numbers as part of 100. The word percent
means per hundred. For example, the circle graph in Figure 1.3 shows that 41%
of Americans define old age by a decline in physical ability. Thus, 41 out of every
41
100 Americans define old age in this manner: 41, = 100
.
• To convert a number from percent form to decimal form, move the decimal point two
places to the left and drop the percent sign. Example:
41% = 41.% = 0.41%
Thus, 41, = 0.41.
• Many applications involving percent are based on the following formula:
A

A

KU

=

P RGTEGPV

P

QH

∙

B

B.

Note that the word of implies multiplication.
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In our next example, we will use the information in the circle graph on page 18
to estimate a quantity. Although different rounding results in different estimates,
the whole idea behind the rounding process is to make calculations simple.

EXAMPLE 5

Applying Estimation Techniques to a Circle Graph

According to the U.S. Census Bureau, in 2016, there were 219,345,624
Americans 25 years and older. Assuming the circle graph in Figure 1.3 is
representative of this age group,
a. Use the appropriate information displayed by the graph to determine a
calculation that shows the number of Americans 25 years and older who
define old age by a decline in physical ability.
b. Use rounding to find a reasonable estimate for this calculation.

SOLUTION
a. The circle graph in Figure 1.3 indicates that 41% of Americans define old
age by a decline in physical ability. Among the 219,345,624 Americans
25 years and older, the number who define old age in this manner is
determined by finding 41% of 219,345,624.
6JGPWODGTQH#OGTKECPUCPF
QNFGTYJQFGƂPGQNFCIGD[C
FGENKPGKPRJ[UKECNCDKNKV[

KU

=
b. We can use rounding
0.41 * 219,345,624.

to



QH

*

0.41

obtain

a

VJGPWODGTQH
#OGTKECPU
CPFQNFGT

219,345,624

reasonable

estimate

of

4QWPFVQVJGPGCTGUVVGPOKNNKQP

0.41 *

219,345,624

L

4QWPFVQVJGPGCTGUVVGPVJ

Heating
and Cooling ,
48%
12%

11%
Water
Heater

10%
Refrigerator,
6%
Dishwasher,
2%

Lighting, 7%

Computer
and Monitor,
Clothes
2%
Washer and
TV, DVD,
Dryer
VCR,
2%

FIGURE 1.4
Source: Natural Home and Garden
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*

220,000,000 = 88,000,000

×


Our answer indicates that approximately 88,000,000 (88 million)
Americans 25 years and older define old age by a decline in physical
ability.

The Home Energy Pie

Other

0.4

CHECK POINT 5 Being aware of which appliances and activities in
your home use the most energy can help you make sound decisions that
allow you to decrease energy consumption and increase savings. The
circle graph in Figure 1.4 shows how energy consumption is distributed
throughout a typical home.
Suppose that last year your family spent $2148.72 on natural gas and
electricity. Assuming the circle graph in Figure 1.4 is representative of
your family’s energy consumption,
a. Use the appropriate information displayed by the graph to
determine a calculation that shows the amount your family spent
on heating and cooling for the year.
b. Use rounding to find a reasonable estimate for this calculation.
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Bar graphs are convenient for comparing some
measurable attribute of various items. The bars may
be either horizontal or vertical, and their heights or
lengths are used to show the amounts of different
items. Figure 1.5 is an example of a typical bar graph.
The graph shows life expectancy for American men
and American women born in various years from
1950 through 2020.

Life Expectancy in the United States, by Year of Birth
90

Males

80

Life Expectancy

70 65.6

71.1

81.9
Females
81.1
79.3
78.8
77.5
77.1
76.2
74.7
74.1
71.8
70.0
67.1

73.1
66.6

60
50
40
30
20
10
1950

1960

1970

FIGURE 1.5
Source: National Center for
Health Statistics

1980
1990
Birth Year

2000

2010

EXAMPLE 6

2020

Applying Estimation and Inductive Reasoning
to Data in a Bar Graph

Use the data for men in Figure 1.5 to estimate each of the following:
a. a man’s increased life expectancy, rounded to the nearest hundredth of a
year, for each subsequent birth year
b. the life expectancy of a man born in 2030.

SOLUTION
a. One way to estimate increased life expectancy for each subsequent
birth year is to generalize from the information given for 1950 (male life
expectancy: 65.6 years) and for 2020 (male life expectancy: 77.1 years). The
average yearly increase in life expectancy is the change in life expectancy
from 1950 to 2020 divided by the change in time from 1950 to 2020.
;GCTN[KPETGCUGKP
KUCRRTQZKOCVGN[
NKHGGZRGEVCPE[

L

EJCPIGKPNKHGGZRGEVCPE[HTQOVQ 
EJCPIGKPVKOGHTQOVQ

77.1 - 65.6
2020 - 1950

NKHGGZRGEVCPE[KPOKPWUNKHGGZRGEVCPE[KP
%JCPIGKPVKOGKU-QT[GCTU

L 0.16 Use a calculator. See the Technology box below.
For each subsequent birth year, a man’s life expectancy is increasing by
approximately 0.16 year.

TECHNOLOGY
Here is the calculator keystroke sequence needed to perform the computation in
Example 6(a).

 (  77.1  -  65.6  )  ,  (  2020  -  1950  ) 
Press  =  on a scientific calculator or ENTER on a graphing calculator to display

the answer. As specified, we round to the nearest hundredth.
6JGEQORWVCVKQPUJQYPQP
CITCRJKPIECNEWNCVQTUETGGP

L 0.16
*WPFTGFVJUFKIKVYJGTGTQWPFKPIKUVQQEEWT
&KIKVVQVJGTKIJVKUUQFQPQVEJCPIGVJGFKIKVVQDGTQWPFGF
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b. We can use our computation in part (a) to estimate the life expectancy
of an American man born in 2030. The bar graph indicates that men
born in 1950 had a life expectancy of 65.6 years. The year 2030 is 80 years
after 1950, and life expectancy is increasing by approximately 0.16 year
for each subsequent birth year.

GREAT QUESTION!

.KHGGZRGEVCPE[HQTC
OCPDQTPKP

In the calculation at the right,
you multiplied before adding.
Would it be ok if I performed
the operations from left
to right and added before
multiplying?
No. Arithmetic operations
should be performed in a
specific order. When there are
no grouping symbols, such as
parentheses, multiplication is
always done before addition.
We will have more to say about
the order of operations in
Chapter 5.

KU
CRRTQZKOCVGN[

NKHGGZRGEVCPE[HQT
COCPDQTPKP

L 65.6

RNWU

+

[GCTN[KPETGCUGKP
NKHGGZRGEVCPE[

0.16

VKOGU

*

VJGPWODGTQH[GCTU
HTQOVQ

80

= 65.6 + 12.8 = 78.4
An American man born in 2030 will have a life expectancy of
approximately 78.4 years.

CHECK POINT 6 Use the data for women in Figure 1.5 to estimate each of
the following:
a. a woman’s increased life expectancy, rounded to the nearest hundredth
of a year, for each subsequent birth year
b. the life expectancy, to the nearest tenth of a year, of a woman born in
2050.
Line graphs are often used to illustrate trends over time. Some
measure of time, such as months or years, frequently appears on
the horizontal axis. Amounts are generally listed on the vertical
axis. Points are drawn to represent the given information. The
graph is formed by connecting the points with line segments.
Figure 1.6 is an example of a typical line graph. The graph
shows the average age at which women in the United States
married for the first time from 1890 through 2015. The years are
listed on the horizontal axis, and the ages are listed on the vertical
axis. The symbol on the vertical axis shows that there is a break
in values between 0 and 20. Thus, the first tick mark on the vertical
axis represents an average age of 20.
Figure 1.6 shows how to find the average age at which women
1980
2000 2015 married for the first time in 1980.
Step 1 Locate 1980 on the horizontal axis.
Step 2 Locate the point on the line graph above 1980.
Step 3 Read across to the corresponding age on the vertical axis.
The age is 22. Thus, in 1980, women in the United States married for the first time
at an average age of 22.
Cigarette Use by U.S. College Students

27
26

Age

25
24
23
22
21
20
1890 1900

1920

1940

FIGURE 1.6
Source: U.S. Census Bureau

1960
Year

EXAMPLE 7

Using a Line
Graph

The line graph in Figure 1.7
shows the percentage of U.S.
college students who smoked
cigarettes from 1982 through
2014.
a. Find an estimate for the
percentage of college
students who smoked
cigarettes in 2010.
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Percent of College Students

Women’s Average Age of First Marriage
28

32%
28%
24%
20%
16%
12%
8%
4%
1982

1990

1998
Year

2006

2014

FI G U R E 1 . 7
Source: Rebecca Donatelle, Health The Basics,
10th Edition, Pearson; Monitoring the Future
Study, University of Michigan.
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b. In which four-year period did the percentage of college students who
smoked cigarettes decrease at the greatest rate?
c. In which year did 30% of college students smoke cigarettes?

SOLUTION
b. Identifying the Period of the
Greatest Rate of Decreasing
Cigarette Smoking
Cigarette Use by U.S. College Students

Cigarette Use by U.S. College Students
Percent of College Students

Percent of College Students

32%
28%
24%
20%
16%
12%
8%
4%
1982

8CNWGQPVJGXGTVKECNCZKU
KUCRRTQZKOCVGN[OKFYC[
DGVYGGPCPF
1990

1998
Year

2006

+PCRRTQZKOCVGN[
QHEQNNGIGUVWFGPVU
UOQMGFEKICTGVVGU

2014

c. Identifying the Year when 30%
of College Students Smoked
Cigarettes
Cigarette Use by U.S. College Students

32%

Percent of College Students

a. Estimating the Percentage
Smoking Cigarettes in 2010

28%
24%
20%
16%
12%
8%
4%

6JKUKUVJGUVGGRGUVQHCNNVJG
FGETGCUKPINKPGUGIOGPVUKPFKECVKPI
VJGITGCVGUVTCVGQHFGETGCUG

1982

1990

1998
Year

2006

2014

32%
28%
24%
20%
16%
12%
8%
4%

.QECVGQP
VJGXGTVKECNCZKU
.QECVGVJGRQKPV
QPVJGITCRJ
CPFTGCFFQYP

1982

6JGRGTEGPVCIGQHEQNNGIGUVWFGPVU
FGETGCUGFCVVJGITGCVGUV
TCVGKPVJGHQWT[GCTRGTKQFHTQO
VJTQWIJ

1990

1998
Year

2006

2014

6JG[GCTYJGPUOQMGF
EKICTGVVGUYCU

CHECK POINT 7 Use the line graph in Figure 1.7 at the bottom of the previous
page to solve this exercise.
a. Find an estimate for the percentage of college students who smoked
cigarettes in 1986.
b. In which four-year period did the percentage of college students who
smoked cigarettes increase at the greatest rate?
c. In which years corresponding to a tick mark on the horizontal axis did
24% of college students smoke cigarettes?
d. In which year did the least percentage of college students smoke
cigarettes? What percentage of students smoked in that year?

3

Develop mathematical models
that estimate relationships
between variables.

Mathematical Models
We have seen that American men born in 1950 have a life expectancy of
65.6 years, increasing by approximately 0.16 year for each subsequent birth year.
We can use variables to express the life expectancy, E, for American men born
x years after 1950.
.KHGGZRGEVCPE[HQT
#OGTKECPOGP

E

NKHGGZRGEVCPE[HQT
COCPDQTPKP

KU

=

65.6

RNWU

+

[GCTN[KPETGCUGKP
NKHGGZRGEVCPE[

0.16x

VKOGUVJGPWODGT
QHDKTVJ[GCTU
CHVGT

A formula is a statement of equality that uses letters to express a relationship
between two or more variables. Thus, E = 65.6 + 0.16x is a formula describing
life expectancy, E, for American men born x years after 1950. Be aware that this
formula provides estimates of life expectancy, as shown in Table 1.2.
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Blitzer Bonus
Predicting Your Own Life
Expectancy
The formula in Table 1.2 does
not take into account your
current health, lifestyle, and
family history, all of which
could increase or decrease
your life expectancy. Thomas
Perls at Boston University
Medical School, who studies
centenarians, developed a much
more detailed formula for life
expectancy at livingto100.com.
The model takes into account
everything from your stress level
to your sleep habits and gives
you the exact age it predicts you
will live to.

23

T A B L E 1 . 2 Comparing Given Data with Estimates Determined by a Formula

Birth Year

Life Expectancy: Given
Data

Life Expectancy: Formula Estimate
E = 65.6 + 0.16x

1950

65.6

E = 65.6 + 0.16(0) = 65.6 + 0 = 65.6

1960

66.6

E = 65.6 + 0.16(10) = 65.6 + 1.6 = 67.2

1970

67.1

E = 65.6 + 0.16(20) = 65.6 + 3.2 = 68.8

1980

70.0

E = 65.6 + 0.16(30) = 65.6 + 4.8 = 70.4

1990

71.8

E = 65.6 + 0.16(40) = 65.6 + 6.4 = 72.0

2000

74.1

E = 65.6 + 0.16(50) = 65.6 + 8.0 = 73.6

2010

76.2

E = 65.6 + 0.16(60) = 65.6 + 9.6 = 75.2

2020

77.1

E = 65.6 + 0.16(70) = 65.6 + 11.2 = 76.8

+PGCEJTQYYGUWDUVKVWVGVJGPWODGTQH
[GCTUCHVGTHQTx6JGDGVVGTGUVKOCVGU
QEEWTKPCPF

The process of finding formulas to describe real-world phenomena is called
mathematical modeling. Such formulas, together with the meaning assigned to the
variables, are called mathematical models. We often say that these formulas model,
or describe, the relationships among the variables.

EXAMPLE 8

Modeling the Cost of Attending a Public College

The bar graph in Figure 1.8 shows the average cost of tuition and fees for
public four-year colleges, adjusted for inflation.
a. Estimate the yearly increase in tuition and fees. Round to the nearest
dollar.
b. Write a mathematical model that estimates the average cost of tuition
and fees, T, at public four-year colleges for the school year ending
x years after 2000.
c. Use the mathematical model from part (b) to project the average cost of
tuition and fees at public four-year colleges for the school year ending in
2020.

Tuition and Fees

Average Cost of Tuition and Fees at Public Four-Year U.S. Colleges
$10,000
$9500
$9000
$8500
$8000
$7500
$7000
$6500
$6000
$5500
$5000
$4500
$4000
$3500
$3000

9410
8312
7713
6717
5943
5351
4587
3349
2000

3735

2002

2004
2006
2008
2010
2012
Ending Year in the School Year

2014

2016

FI G U R E 1 . 8

Source: U.S. Department of Education
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9410
8312

a. We can use the data in Figure 1.8 from 2000 and 2016 to estimate the
yearly increase in tuition and fees.
;GCTN[KPETGCUGKP
VWKVKQPCPFHGGU

KU
CRRTQZKOCVGN[

L

5943

5351

6717

7713

SOLUTION

=

4587
3735

3349

$10,000
$9500
$9000
$8500
$8000
$7500
$7000
$6500
$6000
$5500
$5000
$4500
$4000
$3500
$3000

2000
2002
2004
2006
2008
2010
2012
2014
2016

Tuition and Fees

Average Cost of Tuition and Fees
at Public Four-Year U.S. Colleges

Ending Year in the School Year

EJCPIGKPVWKVKQPCPFHGGUHTQOVQ

EJCPIGKPVKOGHTQOVQ

9410 - 3349
2016 - 2000
6061
= 378.8125 L 379
16

Each year the average cost of tuition and fees for public four-year
colleges is increasing by approximately $379.
b. Now we can use variables to obtain a mathematical model that estimates
the average cost of tuition and fees, T, for the school year ending x years
after 2000.

FIG UR E 1 .8 (repeated)
6JGCXGTCIGEQUV
QHVWKVKQPCPFHGGU

T

KU

=

VWKVKQPCPF
HGGUKP

RNWU

3349

[GCTN[KPETGCUG
KPVWKVKQPCPF
HGGU

+

VKOGUVJG
PWODGTQH[GCTU
CHVGT

379x

The mathematical model T = 3349 + 379x estimates the average cost
of tuition and fees, T, at public four-year colleges for the school year
ending x years after 2000.
c. Now let’s use the mathematical model to project the average cost of
tuition and fees for the school year ending in 2020. Because 2020 is
20 years after 2000, we substitute 20 for x.
T = 3349 + 379x

This is the mathematical model from part (b).

T = 3349 + 379(20)

Substitute 20 for x.

= 3349 + 7580

Multiply: 379(20) = 7580.

= 10,929

Add. On a calculator, enter 3349  +
and press  =





379  :



20

or  ENTER .

Our model projects that the average cost of tuition and fees at public
four-year colleges for the school year ending in 2020 will be $10,929.

CHECK POINT 8 The bar graph in Figure 1.9 on the next page shows the
average cost of tuition and fees for private four-year colleges, adjusted for
inflation.
a. Estimate the yearly increase in tuition and fees. Round to the nearest
dollar.
b. Write a mathematical model that estimates the average cost of tuition
and fees, T, at private four-year colleges for the school year ending
x years after 2000.
c. Use the mathematical model from part (b) to project the average cost of
tuition and fees at private four-year colleges for the school year ending
in 2020.
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Average Cost of Tuition and Fees at
Private Four-Year U.S. Colleges
$35,000

33,480

$33,000

31,701

$31,000

29,056

Tuition and Fees

$29,000
26,273

$27,000
$25,000

23,712

$23,000

21,235

$21,000

19,710

$19,000
$17,000
$15,000

17,272
15,518
2000

2002

2004 2006 2008 2010 2012
Ending Year in the School Year

2014

2016

FI G U R E 1 . 9
Source: U.S. Department of Education

Blitzer Bonus
Is College Worthwhile?
“Questions have intensified about whether going to college
is worthwhile,” says Education Pays, released by the College
Board Advocacy & Policy Center. “For the typical student,
the investment pays off very well over the course of a lifetime,
even considering the expense.”
Among the findings in Education Pays:

• Compared with a high school graduate, a four-year college
graduate who enrolled in a public university at age 18
will break even by age 33. The college graduate will have
earned enough by then to compensate for being out of the
labor force for four years and for borrowing enough to pay
tuition and fees, shown in Figure 1.8.

• Mean (average) full-time earnings with a bachelor’s degree
are approximately $63,000, which is $28,000 more than
high school graduates.

Sometimes a mathematical model gives an estimate that is not a good
approximation or is extended to include values of the variable that do not make
sense. In these cases, we say that model breakdown has occurred. Models that
accurately describe data for the past 10 years might not serve as reliable predictions
for what can reasonably be expected to occur in the future. Model breakdown can
occur when formulas are extended too far into the future.

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The process of arriving at an approximate answer to a
computation such as 0.79 * 403 is called ____________.

4. True or False: Decimal numbers are rounded by using the
digit to the right of the digit where rounding is to occur.
_______

2. A graph that shows how a whole quantity is divided into
parts is called a/an _____________.

5. True or False: Line graphs are often used to illustrate trends
over time. _______

3. A formula that approximates real-world phenomena is
called a/an _____________________.

6. True or False: Mathematical modeling results in formulas
that give exact values of real-world phenomena over time.
_______

M01_BLIT3713_07_SE_C01_001-048.indd 25

21/11/17 10:32 am

26 C HA P TER 1   Problem Solving and Critical Thinking

Exercise Set 1.2
Practice Exercises
The bar graph gives the populations of the ten most populous
states in the United States. Use the appropriate information
displayed by the graph to solve Exercises 1–2.
Population by State of the
Ten Most Populace States
California

39,144,818

Texas

27,469,114

Florida

20,271,272

New York

19,795,791

Illinois

12,859,995

Pennsylvania

12,802,503

Ohio

11,613,423

Georgia

10,214,860

North Carolina

10,042,802

Michigan

9,922,576

Source: U.S. Census Bureau

1. Round the population of California to the nearest
a. hundred, b. thousand, c. ten-thousand, d. hundredthousand, e. million, f. ten-million.
2. Select any state other than California. For the state
selected, round the population to the nearest a. hundred,
b. thousand, c. ten-thousand, d. hundred-thousand, e. million,
f. ten million.
Pi goes on and on and on ...
And e is just as cursed.
I wonder: Which is larger
When their digits are reversed?
Martin Gardner
Although most people are familiar with p, the number e is more
significant in mathematics, showing up in problems involving
population growth and compound interest, and at the heart of the
statistical bell curve. One way to think of e is the dollar amount
you would have in a savings account at the end of the year if you
invested $1 at the beginning of the year and the bank paid an annual
interest rate of 100% compounded continuously (compounding
interest every trillionth of a second, every quadrillionth of a second,
etc.). Although continuous compounding sounds terrific, at the
end of the year your $1 would have grown to a mere $e, or $2.72,
rounded to the nearest cent. Here is a better approximation for e.
e ≈ 2.718281828459045
In Exercises 3–8, use this approximation to round e as specified.
3. to the nearest thousandth
4. to the nearest ten-thousandth
5. to the nearest hundred-thousandth
6. to the nearest millionth
7. to nine decimal places
8. to ten decimal places
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In Exercises 9–34, because different rounding results in different
estimates, there is not one single, correct answer to each exercise.
In Exercises 9–22, obtain an estimate for each computation by
rounding the numbers so that the resulting arithmetic can easily
be performed by hand or in your head. Then use a calculator to
perform the computation. How reasonable is your estimate when
compared to the actual answer?
9.
11.
13.
15.
17.
19.
21.

359 + 596
8.93 + 1.04 + 19.26
32.15 - 11.239
39.67 * 5.5
0.79 * 414
47.83 , 2.9
32% of 187,253

10.
12.
14.
16.
18.
20.
22.

248 + 797
7.92 + 3.06 + 24.36
46.13 - 15.237
78.92 * 6.5
0.67 * 211
54.63 , 4.7
42% of 291,506

In Exercises 23–34, determine each estimate without using a
calculator. Then use a calculator to perform the computation
necessary to obtain an exact answer. How reasonable is your
estimate when compared to the actual answer?
23. Estimate the total cost of six grocery items if their prices are
$3.47, $5.89, $19.98, $2.03, $11.85, and $0.23.
24. Estimate the total cost of six grocery items if their prices are
$4.23, $7.79, $28.97, $4.06, $13.43, and $0.74.
25. A full-time employee who works 40 hours per week
earns $19.50 per hour. Estimate that person’s annual
income.
26. A full-time employee who works 40 hours per week
earns $29.85 per hour. Estimate that person’s annual
income.
27. You lease a car at $605 per month for 3 years. Estimate the
total cost of the lease.
28. You lease a car at $415 per month for 4 years. Estimate the
total cost of the lease.
29. A raise of $310,000 is evenly distributed among
294 professors. Estimate the amount each professor
receives.
30. A raise of $310,000 is evenly distributed among
196 professors. Estimate the amount each professor
receives.
31. If a person who works 40 hours per week earns $61,500 per
year, estimate that person’s hourly wage.
32. If a person who works 40 hours per week earns $38,950 per
year, estimate that person’s hourly wage.
33. The average life expectancy in Canada is 80.1 years. Estimate
the country’s life expectancy in hours.
34. The average life expectancy in Mozambique is 40.3 years.
Estimate the country’s life expectancy in hours.

Practice Plus
In Exercises 35–36, obtain an estimate for each computation
without using a calculator. Then use a calculator to perform the
computation. How reasonable is your estimate when compared to
the actual answer?
0.19996 * 107
0.47996 * 88
35.
36.
0.509
0.249
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37. Ten people ordered calculators. The least expensive was
$19.95 and the most expensive was $39.95. Half ordered a
$29.95 calculator. Select the best estimate of the amount
spent on calculators.
a. $240

b. $310

c. $345

a. $160

b. $105

c. $75

d. $55

39. Traveling at an average rate of between 60 and 70 miles per
hour for 3 to 4 hours, select the best estimate for the distance
traveled.
a. 90 miles

b. 190 miles

c. 225 miles

b. 160 miles

c. 195 miles

Number of People per 100 Spelling
Various Words Correctly
weird
cemetery
accommodation
harass
supersede
inoculate

d. 275 miles

40. Traveling at an average rate of between 40 and 50 miles per
hour for 3 to 4 hours, select the best estimate for the distance
traveled.
a. 120 miles

An online test of English spelling looked at how well people
spelled difficult words. The bar graph shows how many people
per 100 spelled each word correctly. Use this information to solve
Exercises 45–46.

d. $355

38. Ten people ordered calculators. The least expensive was
$4.95 and the most expensive was $12.95. Half ordered a
$6.95 calculator. Select the best estimate of the amount
spent on calculators.

d. 210 miles

41. Imagine that you counted 60 numbers per minute and
continued to count nonstop until you reached 10,000.
Determine a reasonable estimate of the number of hours it
would take you to complete the counting.
42. Imagine that you counted 60 numbers per minute and
continued to count nonstop until you reached one million.
Determine a reasonable estimate of the number of days it
would take you to complete the counting.

Application Exercises
The circle graph shows the most important problems for the
16,503,611 high school teenagers in the United States. Use this
information to solve Exercises 43–44.
Most Important Problems
for High School Teenagers

0

10

20 30 40 50 60 70 80
Number of People (per 100)

45. a. Estimate the number of people per 100 who spelled
weird correctly.
b. In a group consisting of 8729 randomly selected people,
estimate how many more people can correctly spell
weird than inoculate.
46. a. Estimate the number of people per 100 who spelled
cemetery correctly.
b. In a group consisting of 7219 randomly selected people,
estimate how many more people can correctly spell
cemetery than supersede.
The percentage of U.S. college freshmen claiming no religious
affiliation has risen in recent decades. The bar graph shows the
percentage of first-year college students claiming no religious
affiliation for four selected years from 1980 through 2012. Use this
information to solve Exercises 47–48.
Percentage of First-Year U.S. College
Students Claiming No Religious Affiliation

Getting
into
College,
4% Sexual
Issues,
4%
Crime and
Violence in
School,
4%

Social
Pressures;
Fitting in,
22%

Doing Well
in School,
11%

Source: Columbia University

43. Without using a calculator, estimate the number of high school
teenagers for whom doing well in school is the most important
problem.
44. Without using a calculator, estimate the number of high
school teenagers for whom social pressures and fitting in is
the most important problem.
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Females

30%
Percentage Claiming No
Religious Affiliation

Getting
along with
Parents,
3%

Drugs,
23%

90 100

Source: Vivian Cook, Accomodating Brocolli in the Cemetary or Why Can’t
Anybody Spell?, Simon and Schuster, 2004

Males
Other,
29%

27

26.3

25%

21.7

20%

10%

16.9

14.0

15%

10.7

9.7

13.2

6.7

5%
1980

1990

2000
Year

2012

Source: John Macionis, Sociology, 15th Edition, Pearson, 2014.

47. a. Estimate the average yearly increase in the percentage of
first-year college males claiming no religious affiliation.
Round the percentage to the nearest tenth.
b. Estimate the percentage of first-year college males who
will claim no religious affiliation in 2020.
48. a. Estimate the average yearly increase in the percentage of
first-year college females claiming no religious affiliation.
Round the percentage to the nearest tenth.
b. Estimate the percentage of first-year college females
who will claim no religious affiliation in 2020.
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With aging, body fat increases and muscle mass declines. The line
graphs show the percent body fat in adult women and men as they
age from 25 to 75 years. Use the graphs to solve Exercises 49–50.
Percent Body Fat in Adults

Percent Body Fat

40

49. a. Find an estimate for the percent body fat in 45-year-old
women.
b. At what age does the percent body fat in women reach
a maximum? What is the percent body fat for that
age?
c. At what age do women have 34% body fat?

36

9QOGP

32

50. a. Find an estimate for the percent body fat in 25-year-old
men.
b. At what age does the percent body fat in men reach
a maximum? What is the percent body fat for that
age?

28
24

/GP

20

c. At what age do men have 24% body fat?
25

35

45
Age

55

65

75

Source: Thompson et al., The Science of
Nutrition, Benjamin Cummings, 2008.

There is a strong scientific consensus that human activities are changing the Earth’s climate. Scientists now believe that there is a striking
correlation between atmospheric carbon dioxide concentration and global temperature. As both of these variables increase at significant
rates, there are warnings of a planetary emergency that threatens to condemn coming generations to a catastrophically diminished future.
The bar graphs give the average atmospheric concentration of carbon dioxide and the average global temperature for eight selected years.
Use this information to solve Exercises 51–52.

410
400
390
380
370
360
350
340
330
320
310
300

Average Global Temperature
401

390
369
354
339
326
310

317

1950 1960 1970 1980 1990 2000 2010 2015
Year

Average Global Temperature
(degrees Fahrenheit)

Average Carbon Dioxide
Concentration (parts per million)

Average Atmospheric Concentration
of Carbon Dioxide
59.3°
59.0°
58.7°
58.4°
58.1°
57.8°
57.5°
57.2°
56.9°
56.6°
56.3°
56.0°

58.44
58.11
57.64 57.67
57.35
56.98 57.04 57.06

1950 1960 1970 1980 1990 2000 2010 2015
Year

Source: National Oceanic and Atmospheric Administration

51. a. Estimate the yearly increase in the average atmospheric
concentration of carbon dioxide. Express the answer in
parts per million.
b. Write a mathematical model that estimates the average
atmospheric concentration of carbon dioxide, C, in parts
per million, x years after 1950.
c. If the trend shown by the data continues, use your
mathematical model from part (b) to project the
average atmospheric concentration of carbon dioxide in
2050.
52. a. Estimate the yearly increase in the average global
temperature, rounded to the nearest hundredth of a
degree.
b. Write a mathematical model that estimates the average
global temperature, T, in degrees Fahrenheit, x years
after 1950.
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c. If the trend shown by the data continues, use your
mathematical model from part (b) to project the average
global temperature in 2050.

Explaining the Concepts
53. What is estimation? When is it helpful to use estimation?
54. Explain how to round 218,543 to the nearest thousand and
to the nearest hundred-thousand.
55. Explain how to round 14.26841 to the nearest hundredth and
to the nearest thousandth.
56. What does the ≈ symbol mean?
57. In this era of calculators and computers, why is there a need
to develop estimation skills?
58. Describe a circle graph.
59. Describe a bar graph.
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61. What does it mean when we say that a formula models
real-world phenomena?

Mean Student-Loan Debt in the U.S.
37,172
33,050
22,022 23,349

26,682

72. The snow fell more and more softly.
73. It snowed hard, but then it stopped. After a short time, the
snow started falling softly.
74. It snowed softly, and then it stopped. After a short time, the
snow started falling hard.
a.

b.

Amount of
Snowfall

17,562

Time
2001

2004

2007 2010 2013
Graduating Year

2016

Source: Pew Research Center

Describe how to use the data for 2001 and 2016 to estimate
the yearly increase in mean student-loan debt.
63. Explain how to use the estimate from Exercise 62 to write
a mathematical model that estimates mean student-loan
debt, D, in dollars, x years after 2001. How can this model be
used to project mean student-loan debt in 2020?
64. Describe one way in which you use estimation in a
nonacademic area of your life.
65. A forecaster at the National Hurricane Center needs to
estimate the time until a hurricane with high probability
of striking South Florida will hit Miami. Is it better to
overestimate or underestimate? Explain your answer.

Critical Thinking Exercises
Make Sense? In Exercises 66–69, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
66. When buying several items at the market, I use estimation
before going to the cashier to be sure I have enough money
to pay for the purchase.
67. It’s not necessary to use estimation skills when using my
calculator.
68. Being able to compute an exact answer requires a
different ability than estimating the reasonableness of the
answer.
69. My mathematical model estimates the data for the past
10  years extremely well, so it will serve as an accurate
prediction for what will occur in 2050.
70. Take a moment to read the verse preceding Exercises 3–8 that
mentions the numbers p and e, whose decimal representations
continue infinitely with no repeating patterns. The verse was
written by the American mathematician (and accomplished
amateur magician!) Martin Gardner (1914–2010), author of
more than 60 books and best known for his “Mathematical
Games” column, which ran in Scientific American for
25 years. Explain the humor in Gardner’s question.
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c.

Time

d.
Amount of
Snowfall

$40,000
$35,000
$30,000
$25,000
$20,000
$15,000
$10,000
$5000

71. As the blizzard got worse, the snow fell harder and harder.

Amount of
Snowfall

Mean Student-Loan Debt

62. College students are graduating with the highest debt
burden in history. The bar graph shows the mean, or average,
student-loan debt in the United States for six selected
graduating years from 2001 through 2016.

In Exercises 71–74, match the story with the correct graph. The
graphs are labeled (a), (b), (c), and (d).

Amount of
Snowfall

60. Describe a line graph.

29

Time

Time

75. American children ages 2 to 17 spend 19 hours 40 minutes
per week watching television. (Source: TV-Turnoff Network)
From ages 2 through 17, inclusive, estimate the number of
days an American child spends watching television. How
many years, to the nearest tenth of a year, is that?
76. If you spend $1000 each day, estimate how long it will take
to spend a billion dollars.

Group Exercises
77. Group members should devise an estimation process that
can be used to answer each of the following questions.
Use input from all group members to describe the best
estimation process possible.
a. Is it possible to walk from San Francisco to New York in
a year?
b. How much money is spent on ice cream in the United
States each year?
78. Group members should begin by consulting an almanac,
newspaper, magazine, or the Internet to find two graphs
that show “intriguing” data changing from year to year. In
one graph, the data values should be increasing relatively
steadily. In the second graph, the data values should be
decreasing relatively steadily. For each graph selected,
write a mathematical model that estimates the changing
variable x years after the graph’s starting date. Then use each
mathematical model to make predictions about what might
occur in the future. Are there circumstances that might
affect the accuracy of the prediction? List some of these
circumstances.
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1.3

Problem Solving
CRITICAL
THINKING
AND
problem solving are essential
skills in both school and
work. A model for problem
solving was established by
the charismatic teacher and
mathematician George Polya
(1887–1985) in How to Solve It
(Princeton University Press,
Princeton, NJ, 1957). This book,
first published in 1945, has sold
more than one million copies
and is available in 17 languages.
Using a four-step procedure for
problem solving, Polya’s book
demonstrates how to think
clearly in any field.

WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Solve problems using the

organization of the four-step
problem-solving process.

1

Solve problems using the
organization of the four-step
problem-solving process.

“If you don’t know where
you’re going, you’ll probably
end up some place else.”
—Yogi Berra

POLYA’S FOUR STEPS IN PROBLEM SOLVING
Step 1 Understand the problem. Read the problem several times. The first
reading can serve as an overview. In the second reading, write down what
information is given and determine exactly what it is that the problem requires
you to find.
Step 2 Devise a plan. The plan for solving the problem might involve one or
more of these suggested problem-solving strategies:
• Use inductive reasoning to look for a pattern.
• Make a systematic list or a table.
• Use estimation to make an educated guess at the solution. Check the
guess against the problem’s conditions and work backward to eventually
determine the solution.
• Try expressing the problem more simply and solve a similar simpler
problem.
• Use trial and error.
• List the given information in a chart or table.
• Try making a sketch or a diagram to illustrate the problem.
• Relate the problem to a similar problem that you have seen before. Try
applying the procedures used to solve the similar problem to the new one.
• Look for a “catch” if the answer seems too obvious. Perhaps the problem
involves some sort of trick question deliberately intended to lead the
problem solver in the wrong direction.
• Use the given information to eliminate possibilities.
• Use common sense.
Step 3 Carry out the plan and solve the problem.
Step 4 Look back and check the answer. The answer should satisfy the
conditions of the problem. The answer should make sense and be reasonable. If
this is not the case, recheck the method and any calculations. Perhaps there is an
alternate way to arrive at a correct solution.
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GREAT QUESTION!
Should I memorize Polya’s four steps in problem solving?
Not necessarily. Think of Polya’s four steps as guidelines that will help you organize the
process of problem solving, rather than a list of rigid rules that need to be memorized.
You may be able to solve certain problems without thinking about or using every step in
the four-step process.

The very first step in problem solving involves evaluating the given information
in a deliberate manner. Is there enough given to solve the problem? Is the
information relevant to the problem’s solution, or are some facts not necessary to
arrive at a solution?

EXAMPLE 1

Finding What Is Missing

Which necessary piece of information is missing and prevents you from
solving the following problem?
A man purchased five shirts, each at the same discount price. How much
did he pay for them?

SOLUTION
Step 1 Understand the problem. Here’s what is given:
Number of shirts purchased: 5.
We must find how much the man paid for the five shirts.
Step 2 Devise a plan. The amount that the man paid for the five shirts is the
number of shirts, 5, times the cost of each shirt. The discount price of each shirt
is not given. This missing piece of information makes it impossible to solve the
problem.

CHECK POINT 1 Which necessary piece of information is missing and

prevents you from solving the following problem?
The bill for your meal totaled $20.36, including the tax. How much change
should you receive from the cashier?

EXAMPLE 2

Finding What Is Unnecessary

In the following problem, one more piece of information is given than
is necessary for solving the problem. Identify this unnecessary piece of
information. Then solve the problem.
A roll of E-Z Wipe paper towels contains 100 sheets and costs $1.38.
A comparable brand, Kwik-Clean, contains five dozen sheets per roll
and costs $1.23. If you need three rolls of paper towels, which brand is
the better value?

SOLUTION
Step 1 Understand the problem. Here’s what is given:
E-Z Wipe: 100 sheets per roll; $1.38
Kwik-Clean: 5 dozen sheets per roll; $1.23
Needed: 3 rolls.
We must determine which brand offers the better value.
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Blitzer Bonus
Unit Prices and Sneaky
Pricejacks
In 200% of Nothing (John
Wiley & Sons, 1993), author
A.  K. Dewdney writes, “It must
be something of a corporate
dream come true when a
company charges more for a
product and no one notices.”
He gives two examples of
“sneaky
pricejacks,”
both
easily detected using unit
prices. The manufacturers of
Mennen Speed Stick deodorant
increased the size of the
package that held the stick, left
the price the same, and reduced
the amount of actual deodorant
in the stick from 2.5 ounces to
2.25. Fabergé’s Brut left the
price and size of its cologne
jar the same, but reduced its
contents from 5 ounces to 4.
Surprisingly, the new jar read,
“Now, more Brut!” Consumer
Reports contacted Fabergé to
see how this could be possible.
Their response: The new jar
contained “more fragrance.”
Consumer Reports moaned,
“Et tu Brut?”

Step 2 Devise a plan. The brand with the better value is the one that has the
lower price per sheet. Thus, we can compare the two brands by finding the cost
for one sheet of E-Z Wipe and one sheet of Kwik-Clean. The price per sheet, or
the unit price, is the price of a roll divided by the number of sheets in the roll. The
fact that three rolls are required is not relevant to the problem. This unnecessary
piece of information is not needed to find which brand is the better value.
Step 3 Carry out the plan and solve the problem.
E-Z Wipe:
price per sheet =
=
Kwik-Clean:
price per sheet =
=

price of a roll
number of sheets per roll
$1.38
= $0.0138 L $0.01
100 sheets
price of a roll
number of sheets per roll
$1.23
= $0.0205 L $0.02
60 sheets

FQ\GP=×
QTUJGGVU

By comparing unit prices, we see that E-Z Wipe, at approximately $0.01 per
sheet, is the better value.
Step 4 Look back and check the answer. We can double-check the arithmetic
in each of our unit-price computations. We can also see if these unit prices
satisfy the problem’s conditions. The product of each brand’s price per sheet
and the number of sheets per roll should result in the given price for a roll.
E-Z Wipe: Check $0.0138

Kwik-Clean: Check $0.0205

$0.0138 * 100 = $1.38

$0.0205 * 60 = $1.23

6JGUGCTGVJGIKXGPRTKEGUHQTCTQNNQHGCEJ
TGURGEVKXGDTCPF

The unit prices satisfy the problem’s conditions.

A generalization of our work in Example 2 allows you to compare
different brands and make a choice among various products of different sizes.
When shopping at the supermarket, a useful number to keep in mind is a
product’s unit price. The unit price is the total price divided by the total units.
Among comparable brands, the best value is the product with the lowest unit
price, assuming that the units are kept uniform.
The word per is used to state unit prices. For example, if a 12-ounce box of
cereal sells for $3.00, its unit price is determined as follows:
Unit price =

total price
+3.00
=
= +0.25 per ounce.
total units
12 ounces

CHECK POINT 2 Solve the following problem. If the problem contains
information that is not relevant to its solution, identify this unnecessary piece
of information.
A manufacturer packages its apple juice in bottles and boxes. A 128-ounce
bottle costs $5.39, and a 9-pack of 6.75-ounce boxes costs $3.15. Which
packaging option is the better value?
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Applying the Four-Step Procedure

By paying $100 cash up front and the balance at $20 a week, how long will it
take to pay for a bicycle costing $680?

SOLUTION
Step 1 Understand the problem. Here’s what is given:

GREAT QUESTION!
Is there a strategy I can
use to determine whether
I understand a problem?
An effective way to see if you
understand a problem is to
restate the problem in your
own words.
“A problem well stated is a
problem half solved.”

Cost of the bicycle: $680
Amount paid in cash: $100
Weekly payments: $20.
If necessary, consult a dictionary to look up any unfamiliar words. The word
balance means the amount still to be paid. We must find the balance to
determine the number of weeks required to pay off the bicycle.
Step 2 Devise a plan. Subtract the amount paid in cash from the cost of the
bicycle. This results in the amount still to be paid. Because weekly payments
are $20, divide the amount still to be paid by 20. This will give the number of
weeks required to pay for the bicycle.
Step 3 Carry out the plan and solve the problem. Begin by finding the
balance, the amount still to be paid for the bicycle.
+680
- +100
+580

—Charles Franklin Kettering

cost of the bicycle
amount paid in cash
amount still to be paid

Now divide the $580 balance by $20, the payment per week. The result of the
division is the number of weeks needed to pay off the bicycle.
+580
week
580 weeks
= +580 *
=
= 29 weeks
+20
+20
20
week
It will take 29 weeks to pay for the bicycle.
Step 4 Look back and check the answer. We can certainly double-check the
arithmetic either by hand or with a calculator. We can also see if the answer,
29 weeks to pay for the bicycle, satisfies the condition that the bicycle costs
$680.
6JKUKUVJGCPUYGT
YGCTGEJGEMKPI

+580
$20 weekly payment
+ +100
* 29 number of weeks
$580 total of weekly payments +680

total of weekly payments
amount paid in cash
cost of bicycle

The answer of 29 weeks satisfies the condition that the cost of the bicycle
is $680.

CHECK POINT 3 By paying $350 cash up front and the balance at $45 per
month, how long will it take to pay for a computer costing $980?
Making lists is a useful strategy in problem solving.
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EXAMPLE 4

Solving a Problem by Making a List

Suppose you are an engineer programming the automatic gate for a 50-cent
toll. The gate should accept exact change only. It should not accept pennies.
How many coin combinations must you program the gate to accept?

SOLUTION

Blitzer Bonus
Trick Questions
Think about the following
questions
carefully
before
answering
because
each
contains some sort of trick or
catch.
Sample: Do they have a fourth
of July in England?
Answer: Of course they do.
However, there is no national
holiday on that date!
See if you can answer the
questions that follow without
developing mental whiplash.
The answers appear in the
answer section.
1. A farmer had 17 sheep. All
but 12 died. How many
sheep does the farmer have
left?
2. Some months have 30 days.
Some have 31. How many
months have 28 days?
3. A doctor had a brother,
but this brother had no
brothers. What was the
relationship between doctor
and brother?
4. If you had only one match
and entered a log cabin
in which there was a
candle, a fireplace, and a
woodburning stove, which
should you light first?
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Step 1 Understand the problem. The total change must always be 50 cents.
One possible coin combination is two quarters. Another is five dimes. We need
to count all such combinations.
Step 2 Devise a plan. Make a list of all possible coin combinations. Begin
with the coins of larger value and work toward the coins of smaller value.
Step 3 Carry out the plan and solve the problem. First we must find all of
the coins that are not pennies but can combine to form 50 cents. This includes
half-dollars, quarters, dimes, and nickels. Now we can set up a table. We will
use these coins as table headings.
Half-Dollars

Quarters

Dimes

Nickels

Each row in the table will represent one possible combination for exact
change. We start with the largest coin, the half-dollar. Only one half-dollar is
needed to make exact change. No other coins are needed. Thus, we put a 1
in the half-dollars column and 0s in the other columns to represent the first
possible combination.
Half-Dollars

Quarters

Dimes

Nickels

1

0

0

0

Likewise, two quarters are also exact change for 50 cents. We put a 0 in the
half-dollars column, a 2 in the quarters column, and 0s in the columns for
dimes and nickels.
Half-Dollars

Quarters

Dimes

Nickels

1

0

0

0

0

2

0

0

In this manner, we can find all possible combinations for exact change for the
50-cent toll. These combinations are shown in Table 1.3.
T A B L E 1 . 3 Exact Change for 50 Cents: No Pennies

Half-Dollars

Quarters

Dimes

Nickels

1

0

0

0

0

2

0

0

0

1

2

1

0

1

1

3

0

1

0

5

0

0

5

0

0

0

4

2

0

0

3

4

0

0

2

6

0

0

1

8

0

0

0

10
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Count the coin combinations shown in Table 1.3. How many coin
combinations must the gate accept? You must program the gate to accept
11 coin combinations.
Step 4 Look back and check the answer. Double-check Table 1.3 to
make sure that no possible combinations have been omitted and that the
total in each row is 50 cents. Double-check your count of the number of
combinations.

CHECK POINT 4 Suppose you are an engineer programming the automatic
gate for a 30-cent toll. The gate should accept exact change only. It should not
accept pennies. How many coin combinations must you program the gate to
accept?
Sketches and diagrams are sometimes useful in problem solving.

EXAMPLE 5

Solving a Problem by Using a Diagram

Four runners are in a one-mile race: Maria, Aretha, Thelma, and Debbie.
Points are awarded only to the women finishing first or second. The first-place
winner gets more points than the second-place winner. How many different
arrangements of first- and second-place winners are possible?

SOLUTION
Step 1 Understand the problem. Three possibilities for first and second
position are
Maria-Aretha
Maria-Thelma
Aretha-Maria.
Notice that Maria finishing first and Aretha finishing second is a different
outcome than Aretha finishing first and Maria finishing second. Order
makes a difference because the first-place winner gets more points than the
second-place winner. We must count all possibilities for first and second
position.
Step 2 Devise a plan. If Maria finishes first, then each of the other three
runners could finish second:

First place

Second place

Possibilities for first
and second place

Maria

Aretha
Thelma
Debbie

Maria-Aretha
Maria-Thelma
Maria-Debbie

Similarly, we can list each woman as the possible first-place runner. Then we
will list the other three women as possible second-place runners. Next we will
determine the possibilities for first and second place. This diagram will show
how the runners can finish first or second.
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Step 3 Carry out the plan and solve the problem. Now we complete the
diagram started in step 2. The diagram is shown in Figure 1.10.
First place

Second place

Possibilities for first
and second place

Maria

Aretha
Thelma
Debbie

Maria-Aretha
Maria-Thelma
Maria-Debbie

Aretha

Maria
Thelma
Debbie

Aretha-Maria
Aretha-Thelma
Aretha-Debbie

Thelma

Maria
Aretha
Debbie

Thelma-Maria
Thelma-Aretha
Thelma-Debbie

Debbie

Maria
Aretha
Thelma

Debbie-Maria
Debbie-Aretha
Debbie-Thelma

$GECWUGQHVJGYC[(KIWTG
DTCPEJGUHTQOƂTUVVQUGEQPFRNCEG
KVKUECNNGFCVTGGFKCITCO9GYKNN
DGWUKPIVTGGFKCITCOUKP%JCRVGT
CUCRTQDNGOUQNXKPIVQQNKPVJG
UVWF[QHWPEGTVCKPV[CPFRTQDCDKNKV[

FI G U R E 1 . 1 0 Possible ways for four runners to finish first and second

Count the number of possibilities shown under the third column, “Possibilities
for first and second place.” Can you see that there are 12 possibilities?
Therefore, 12 different arrangements of first- and second-place winners are
possible.
Step 4 Look back and check the answer. Check the diagram in Figure 1.10
to make sure that no possible first- and second-place outcomes have been left
out. Double-check your count for the winning pairs of runners.

CHECK POINT 5 Your “lecture wardrobe” is rather limited—just two pairs
of jeans to choose from (one blue, one black) and three T-shirts to choose from
(one beige, one yellow, and one blue). How many different outfits can you
form?
In Chapter 14, we will be studying diagrams, called graphs, that provide
structures for describing relationships. In Example 6, we use such a diagram to
illustrate the relationship between cities and one-way airfares between them.

EXAMPLE 6

A sales director who lives in city A is required to fly to regional offices in cities
B, C, D, and E. Other than starting and ending the trip in city A, there are no
restrictions as to the order in which the other four cities are visited.
The one-way fares between each of the cities are given in Table 1.4.
A diagram that illustrates this information is shown in Figure 1.11.

$

A

T A B L E 1 . 4 One-Way Airfares

128
E

180
114

195
115

B

147

194

Using a Reasonable Option to Solve a Problem
with More Than One Solution

145
169
D

FIGURE 1.1 1

M01_BLIT3713_07_SE_C01_001-048.indd 36

116
C

A

B

C

D

E

A

*

$180

$114

$147

$128

B

$180

*

$116

$145

$195

C

$114

$116

*

$169

$115

D

$147

$145

$169

*

$194

E

$128

$195

$115

$194

*

Give the sales director an order for visiting cities B, C, D, and E once,
returning home to city A, for less than $750.

21/11/17 10:32 am

SECTIO N 1.3    Problem Solving

37

SOLUTION
Step 1 Understand the problem. There are many ways to visit cities
B, C, D, and E once, and return home to A. One route is
A, E, D, C, B, A.

(N[HTQOAVQEVQD VQC
VQBCPFVJGPDCEMVQA

The cost of this trip involves the sum of five costs, shown in both Table 1.4 and
Figure 1.11:
$128 + $194 + $169 + $116 + $180 = $787.
We must find a route that costs less than $750.
Step 2 Devise a plan. The sales director starts at city A. From there, fly to
the city to which the airfare is cheapest. Then from there fly to the next city
to which the airfare is cheapest, and so on. From the last of the cities, fly home
to city A. Compute the cost of this trip to see if it is less than $750. If it is not,
use trial and error to find other possible routes and select an order (if there is
one) whose cost is less than $750.
Step 3 Carry out the plan and solve the problem. See Figure 1.12. The
route is indicated using red lines with arrows.

A
128
E

180
114

195
194

115

• Start at A.
• Choose the line segment with the smallest number: 114. Fly from A to C.
(cost: $114)
• From C, choose the line segment with the smallest number that does not
lead to A: 115. Fly from C to E. (cost: $115)
• From E, choose the line segment with the smallest number that does not
lead to a city already visited: 194. Fly from E to D. (cost: $194)
• From D, there is little choice but to fly to B, the only city not yet visited.
(cost: $145)
• From B, return home to A. (cost: $180)

B

147
145 116
C

169
D
FIGURE 1.1 2

The route that we are considering is
A, C, E, D, B, A.
Let’s see if the cost is less than $750. The cost is
$114 + $115 + $194 + $145 + $180 = $748.
Because the cost is less than $750, the sales director can follow the order
A, C, E, D, B, A.
Step 4 Look back and check the answer. Use Table 1.4 on the previous
page or Figure 1.12 to verify that the five numbers used in the sum shown
above are correct. Use estimation to verify that $748 is a reasonable cost for
the trip.

A
205
E

500
B

340
360

165
302

185

D

200
320

FIGURE 1.1 3
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CHECK POINT 6 As in Example 6, a sales director who lives in city A is
required to fly to regional offices in cities B, C, D, and E. The diagram in
Figure 1.13 shows the one-way airfares between any two cities. Give the sales
director an order for visiting cities B, C, D, and E once, returning home to
city A, for less than $1460.
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Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The first step in problem solving is to read the problem
several times in order to _____________ the problem.
2. The second step in problem solving is to ______________ for
solving the problem.

3. True or False: Polya’s four steps in problem solving make
it possible to obtain answers to problems even if necessary
pieces of information are missing. _______
4. True or False: When making a choice between various sizes
of a product, the best value is the size with the lowest price.
_______

Exercise Set 1.3
Everyone can become a better, more confident problem solver. As
in learning any other skill, learning problem solving requires hard
work and patience. Work as many problems as possible in this
Exercise Set. You may feel confused once in a while, but do not
be discouraged. Thinking about a particular problem and trying
different methods can eventually lead to new insights. Be sure to
check over each answer carefully!

Practice and Application Exercises
In Exercises 1–4, what necessary piece of information is missing
that prevents solving the problem?
1. If a student saves $35 per week, how long will it take to save
enough money to buy a computer?
2. If a steak sells for $8.15, what is the cost per pound?
3. If it takes you 4 minutes to read a page in a book, how many
words can you read in one minute?
4. By paying $1500 cash and the balance in equal monthly
payments, how many months would it take to pay for a car
costing $12,495?
In Exercises 5–8, one more piece of information is given than is
necessary for solving the problem. Identify this unnecessary piece
of information. Then solve the problem.
5. A salesperson receives a weekly salary of $350. In
addition, $15 is paid for every item sold in excess of 200
items. How much extra is received from the sale of 212
items?
6. You have $250 to spend and you need to purchase four new
tires. If each tire weighs 21 pounds and costs $42 plus $2.50
tax, how much money will you have left after buying the
tires?
7. A parking garage charges $2.50 for the first hour and $0.50
for each additional hour. If a customer gave the parking
attendant $20.00 for parking from 10 a.m. to 3 p.m., how
much did the garage charge?
8. An architect is designing a house. The scale on the plan is
1 inch = 6 feet. If the house is to have a length of 90 feet
and a width of 30 feet, how long will the line representing
the house’s length be on the blueprint?

Use Polya’s four-step method in problem solving to solve
Exercises 9–44.
9. a. Which is the better value: a 15.3-ounce box of cereal for
$3.37 or a 24-ounce box of cereal for $4.59?
b. The supermarket displays the unit price for the
15.3-ounce box in terms of cost per ounce, but displays
the unit price for the 24-ounce box in terms of cost per
pound. What are the unit prices, to the nearest cent,
given by the supermarket?
c. Based on your work in parts (a) and (b), does the better
value always have the lower displayed unit price?
Explain your answer.
10. a. Which is the better value: a 12-ounce jar of honey for
$2.25 or an 18-ounce jar of honey for $3.24?
b. The supermarket displays the unit price for the 12-ounce
jar in terms of cost per ounce, but displays the unit price
for the 18-ounce jar in terms of cost per quart. Assuming
32 ounces in a quart, what are the unit prices, to the
nearest cent, given by the supermarket?
c. Based on your work in parts (a) and (b), does the better
value always have the lower displayed unit price?
Explain your answer.
11. One person earns $48,000 per year. Another earns $3750
per month. How much more does the first person earn in a
year than the second?
12. At the beginning of a year, the odometer on a car read
25,124 miles. At the end of the year, it read 37,364 miles. If
the car averaged 24 miles per gallon, how many gallons of
gasoline did it use during the year?
Use the following movie-rental options to solve Exercises 13–14.
Redbox
• Rent DVDs from vending machines: $1.00 per DVD
per night
iTunes
• New films (watching online): $3.99/24 hours
• Other films (watching online): $2.99/24 hours
Netflix
• Unlimited streaming (watching online): $7.99/month
• One DVD at a time by mail: $7.99/month
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13. In one month, you rent seven DVDs from a Redbox
machine. You return four of the movies after one night, but
keep the other three for two nights. Would you have spent
more or less on Netflix’s unlimited streaming option? How
much more or less?
14. Suppose that you have the Netflix unlimited streaming plan.
Because iTunes has two new films that are not available
on Netflix, you download the movies on iTunes, each for
24 hours. What is your total movie-rental cost for the
month?
Acetaminophen is in many non-prescription medications,
making it easy to get more than the 4000 milligrams per day
linked to liver damage and the recommended 3250-milligram
daily maximum. Tylenol Extra Strength contains 500 milligrams
of acetaminophen per pill. NyQuil Cold and Flu contains
325 milligrams of acetaminophen per pill. Use this information to
solve Exercises 15–16.
15. a. What is the maximum number of Tylenol Extra Strength
pills that should be taken in 24 hours?
b. If you take one Tylenol Extra Strength pill per hour for
three hours, what is the maximum number of NyQuil
Cold and Flu pills that should be taken for the remainder
of 24 hours?
16. a. What is the maximum number of NyQuil Cold and
Flu pills that should be taken should be taken in
24 hours?

39

24. A college graduate receives a salary of $2750 a month for
her first job. During the year she plans to spend $4800 for
rent, $8200 for food, $3750 for clothing, $4250 for household
expenses, and $3000 for other expenses. With the money
that is left, she expects to buy as many shares of stock at
$375 per share as possible. How many shares will she be able
to buy?
25. Charlene decided to ride her bike from her home to visit
her friend Danny. Three miles away from home, her bike got
a flat tire and she had to walk the remaining two miles to
Danny’s home. She could not repair the tire and had to walk
all the way back home. How many more miles did Charlene
walk than she rode?
26. A store received 200 containers of juice to be sold by April 1.
Each container cost the store $0.75 and sold for $1.25. The
store signed a contract with the manufacturer in which the
manufacturer agreed to a $0.50 refund for every container
not sold by April 1. If 150 containers were sold by April 1,
how much profit did the store make?
27. A storeowner ordered 25 calculators that cost $30 each.
The storeowner can sell each calculator for $35. The
storeowner sold 22 calculators to customers. He had to
return 3 calculators and pay a $2 charge for each returned
calculator. Find the storeowner’s profit.

b. If you take one Tylenol Extra Strength pill per hour for
four hours, what is the maximum number of NyQuil
Cold and Flu pills that should be taken for the remainder
of 24 hours?

28. New York City and Washington, D.C. are about 240 miles
apart. A car leaves New York City at noon traveling directly
south toward Washington, D.C. at 55 miles per hour. At the
same time and along the same route, a second car leaves
Washington, D.C. bound for New York City traveling directly
north at 45 miles per hour. How far has each car traveled
when the drivers meet for lunch at 2:24 p.m.?

17. A television sells for $750. Instead of paying the total
amount at the time of the purchase, the same television
can be bought by paying $100 down and $50 a month for
14 months. How much is saved by paying the total amount at
the time of the purchase?

29. An automobile purchased for $23,000 is worth $2700 after
7 years. Assuming that the car’s value depreciated steadily
from year to year, what was it worth at the end of the third
year?

18. In a basketball game, the Bulldogs scored 34 field goals, each
counting 2 points, and 13 foul goals, each counting 1 point.
The Panthers scored 38 field goals and 8 foul goals. Which
team won? By how many points did it win?

30. An automobile purchased for $34,800 is worth $8550 after
7 years. Assuming that the car’s value depreciated steadily
from year to year, what was it worth at the end of the third
year?

19. Calculators were purchased at $65 per dozen and sold
at $20 for three calculators. Find the profit on six dozen
calculators.

31. A vending machine accepts nickels, dimes, and quarters.
Exact change is needed to make a purchase. How many ways
can a person with five nickels, three dimes, and two quarters
make a 45-cent purchase from the machine?

20. Pens are bought at $0.95 per dozen and sold in groups of
four for $2.25. Find the profit on 15 dozen pens.

32. How many ways can you make change for a quarter using
only pennies, nickels, and dimes?

21. Each day a small business owner sells 200 pizza slices at
$1.50 per slice and 85 sandwiches at $2.50 each. If business
expenses come to $60 per day, what is the owner’s profit for
a 10-day period?

33. The members of the Student Activity Council on your
campus are meeting to select two speakers for a month-long
event celebrating artists and entertainers. The choices are
Emma Watson, George Clooney, Leonardo DiCaprio, and
Jennifer Lawrence. How many different ways can the two
speakers be selected?

22. A college tutoring center pays math tutors $8.15 per hour.
Tutors earn an additional $2.20 per hour for each hour over
40 hours per week. A math tutor worked 42 hours one week
and 45 hours the second week. How much did the tutor earn
in this two-week period?
23. A car rents for $220 per week plus $0.25 per mile. Find the
rental cost for a two-week trip of 500 miles for a group of
three people.
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34. The members of the Student Activity Council on your
campus are meeting to select two speakers for a month-long
event exploring why some people are most likely to succeed.
The choices are Bill Gates, Oprah Winfrey, Mark Zuckerberg,
Hillary Clinton, and Steph Curry. How many different ways
can the two speakers be selected?
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35. If you spend $4.79, in how many ways can you receive
change from a five-dollar bill?
36. If you spend $9.74, in how many ways can you receive
change from a ten-dollar bill?

In Exercises 45–46, you have three errands to run around town,
although in no particular order. You plan to start and end at home. You
must go to the bank, the post office, and the dry cleaners. Distances, in
miles, between any two of these locations are given in the diagram.
Home

37. You throw three darts at the board shown. Each dart hits
the board and scores a 1, 5, or 10. How many different total
scores can you make?

1
3

4
Bank
3.5

1.5
5

Post
Office

Dry
Cleaners

45. Determine a route whose distance is less than 12 miles for
running the errands and returning home.
38. Suppose that you throw four darts at the board shown.
With these four darts, there are 16 ways to hit four different
numbers whose sum is 100. Describe one way you can hit
four different numbers on the board that total 100.

46. Determine a route whose distance exceeds 12 miles for
running the errands and returning home.
47. The map shows five western states. Trace a route on the map
that crosses each common state border exactly once.
WY
UT

AZ

CO
NM

48. The layout of a city with land masses and bridges is shown.
Trace a route that shows people how to walk through the
city so as to cross each bridge exactly once.
North Bank

39. Five housemates (A, B, C, D, and E) agreed to share the
expenses of a party equally. If A spent $42, B spent $10,
C spent $26, D spent $32, and E spent $30, who owes money
after the party and how much do they owe? To whom is
money owed, and how much should they receive? In order
to resolve these discrepancies, who should pay how much to
whom?
40. Six houses are spaced equally around a circular road. If it
takes 10 minutes to walk from the first house to the third
house, how long would it take to walk all the way around the
road?
41. If a test has four true/false questions, in how many ways can
there be three answers that are false and one answer that is
true?
42. There are five people in a room. Each person shakes
the hand of every other person exactly once. How many
handshakes are exchanged?
43. Five runners, Andy, Beth, Caleb, Darnell, and Ella, are in
a one-mile race. Andy finished the race 7 seconds before
Caleb. Caleb finished the race 2 seconds before Beth. Beth
finished the race 6 seconds after Darnell. Ella finished the
race 8 seconds after Darnell. In which order did the runners
finish the race?

River

South Bank

49. Jose, Bob, and Tony are college students living in adjacent
dorm rooms. Bob lives in the middle dorm room. Their
majors are business, psychology, and biology, although not
necessarily in that order. The business major frequently uses
the new computer in Bob’s dorm room when Bob is in class.
The psychology major and Jose both have 8 a.m. classes, and
the psychology major knocks on Jose’s wall to make sure he
is awake. Determine Bob’s major.
50. The figure represents a map of 13 countries. If countries that
share a common border cannot be the same color, what is the
minimum number of colors needed to color the map?

44. Eight teams are competing in a volleyball tournament. Any
team that loses a game is eliminated from the tournament.
How many games must be played to determine the
tournament winner?
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The sudoku (pronounced: sue-DOE-koo) craze, a number puzzle
popular in Japan, hit the United States in 2005. A sudoku (“single
number”) puzzle consists of a 9-by-9 grid of 81 boxes subdivided
into nine 3-by-3 squares. Some of the square boxes contain
numbers. Here is an example:

41

52. a. Use the properties of a magic square to fill in the missing
numbers.

96

37 45
43
25 57

23

82 78

b. Show that if you reverse the digits for each number in the
square in part (a), another magic square is generated.
		(Source for the alphamagic square in Exercise 51 and the
mirrormagic square in Exercise 52: Clifford A. Pickover,
A Passion for Mathematics, John Wiley & Sons, Inc., 2005)

The objective is to fill in the remaining squares so that every
row, every column, and every 3-by-3 square contains each of the
digits from 1 through 9 exactly once. (You can work this puzzle
in Exercise 70, perhaps consulting one of the dozens of sudoku
books in which the numerals 1 through 9 have created a cottage
industry for publishers. There’s even a Sudoku for Dummies.)
Trying to slot numbers into small checkerboard grids is not
unique to sudoku. In Exercises 51–54, we explore some of the
intricate patterns in other arrays of numbers, including magic
squares. A magic square is a square array of numbers arranged
so that the numbers in all rows, all columns, and the two diagonals
have the same sum. Here is an example of a magic square in
which the sum of the numbers in each row, each column, and each
diagonal is 15:
%QNWOP
%QNWOP
%QNWOP
++= ++= ++=

8 1 6
3 5 7
4 9 2
&KCIQPCN
++=

53. As in sudoku, fill in the missing numbers in the 3-by-3 square
so that it contains each of the digits from 1 through 9 exactly
once. Furthermore, in this antimagic square, the rows, the
columns, and the two diagonals must have different sums.

9
1

4QY
++=

&KCIQPCN
++=

Exercises 51–52 are based on magic squares. (Be sure you have
read the preceding discussion.)

5

3

54. The missing numbers in the 4-by-4 array are one-digit
numbers. The sums for each row, each column, and one
diagonal are listed in the voice balloons outside the array.
Find the missing numbers.

3
4

4QY
++=
4QY
++=

7

6
4

5WO
KU

8
2

5WO
KU
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&KCIQPCN
UWOKU

1**
**) 4***
28
*56
***
***
***
0

15
b. Show that the number of letters in the word for each
number in the square in part (a) generates another
magic square.

5WO
KU

55. Some numbers in the printing of a division problem have
become illegible. They are designated below by *. Fill in the
blanks.

18
25

5WOKU
5WOKU

5WO
KU

51. a. Use the properties of a magic square to fill in the missing
numbers.

5

5WOKU

1
9

5WOKU

Explaining the Concepts
In Exercises 56–58, explain the plan needed to solve the problem.
56. If you know how much was paid for several pounds of steak,
find the cost of one pound.

21/11/17 10:32 am

42 C HA P TER 1   Problem Solving and Critical Thinking
57. If you know a person’s age, find the year in which that
person was born.

70. Solve the sudoku puzzle in the top of the left column on
page 41.

58. If you know how much you earn each hour, find your yearly
income.

71. A version of this problem, called the missing dollar problem,
first appeared in 1933. Three people eat at a restaurant and
receive a total bill for $30. They divide the amount equally
and pay $10 each. The waiter gives the bill and the $30 to
the manager, who realizes there is an error: The correct
charge should be only $25. The manager gives the waiter
five $1 bills to return to the customers, with the restaurant’s
apologies. However, the waiter is dishonest, keeping $2 and
giving back only $3 to the customers. In conclusion, each of
the three customers has paid $9 and the waiter has stolen
$2, giving a total of $29. However, the original bill was $30.
Where has the missing dollar gone?

59. Write your own problem that can be solved using the
four-step procedure. Then use the four steps to solve the
problem.

Critical Thinking Exercises
Make Sense? In Exercises 60–63, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
60. Polya’s four steps in problem solving make it possible for me
to solve any mathematical problem easily and quickly.
61. I used Polya’s four steps in problem solving to deal with a
personal problem in need of a creative solution.
62. I find it helpful to begin the problem-solving process by
restating the problem in my own words.
63. When I get bogged down with a problem, there’s no limit to
the amount of time I should spend trying to solve it.
64. Gym lockers are to be numbered from 1 through 99 using
metal numbers to be nailed onto each locker. How many 7s
are needed?
65. You are on vacation in an isolated town. Everyone in the
town was born there and has never left. You develop a
toothache and check out the two dentists in town. One
dentist has gorgeous teeth and one has teeth that show
the effects of poor dental work. Which dentist should you
choose and why?
66. India Jones is standing on a large rock in the middle of a
square pool filled with hungry, man-eating piranhas. The
edge of the pool is 20 feet away from the rock. India’s mom
wants to rescue her son, but she is standing on the edge of
the pool with only two planks, each 19 12 feet long. How can
India be rescued using the two planks?
67. One person tells the truth on Monday, Tuesday, Wednesday,
and Thursday, but lies on all other days. A second person lies
on Tuesday, Wednesday, and Thursday, but tells the truth on
all other days. If both people state “I lied yesterday,” then
what day of the week is it today?
68. (This logic problem dates back to the eighth century.) A
farmer needs to take his goat, wolf, and cabbage across a
stream. His boat can hold him and one other passenger (the
goat, wolf, or cabbage). If he takes the wolf with him, the
goat will eat the cabbage. If he takes the cabbage, the wolf
will eat the goat. Only when the farmer is present are the
cabbage and goat safe from their respective predators. How
does the farmer get everything across the stream?
69. As in sudoku, fill in the missing
numbers along the sides of the
triangle so that it contains each of
the digits from 1 through 9 exactly
once. Furthermore, each side of the
triangle should contain four digits
whose sum is 17.
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72. A firefighter spraying water on a fire stood on the middle
rung of a ladder. When the smoke became less thick, the
firefighter moved up 4 rungs. However it got too hot, so
the firefighter backed down 6 rungs. Later, the firefighter
went up 7 rungs and stayed until the fire was out. Then, the
firefighter climbed the remaining 4 rungs and entered the
building. How many rungs does the ladder have?
73. The Republic of Margaritaville is composed of four states:
A, B, C, and D. According to the country’s constitution, the
congress will have 30 seats, divided among the four states
according to their respective populations. The table shows
each state’s population.
POPULATION OF MARGARITAVILLE BY STATE
State

A

B

C

D

Total

Population
(in thousands)

275

383

465

767

1890

Allocate the 30 congressional seats among the four states in
a fair manner.

Group Exercises
Exercises 74–78 describe problems that have many plans for
finding an answer. Group members should describe how the four
steps in problem solving can be applied to find a solution. It is not
necessary to actually solve each problem. Your professor will let
the group know if the four steps should be described verbally by a
group spokesperson or in essay form.
74. How much will it cost to install bicycle racks on campus to
encourage students to use bikes, rather than cars, to get to
campus?
75. How many new counselors are needed on campus to prevent
students from waiting in long lines for academic advising?
76. By how much would taxes in your state have to be increased
to cut tuition at community colleges and state universities in
half?
77. Is your local electric company overcharging its customers?
78. Should solar heating be required for all new construction in
your community?
79. Group members should describe a problem in need of a
solution. Then, as in Exercises 74–78, describe how the four
steps in problem solving can be applied to find a solution.

1

3
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Chapter Summary, Review, and Test
SUMMARY – DEFINITIONS AND CONCEPTS
1.1

EXAMPLES

Inductive and Deductive Reasoning

a. Inductive reasoning is the process of arriving at a general conclusion based on observations of specific
examples. The conclusion is called a conjecture or a hypothesis. A case for which a conjecture is false is
called a counterexample.

Ex.
Ex.
Ex.
Ex.

b. Deductive reasoning is the process of proving a specific conclusion from one or more general statements.
The statement that is proved is called a theorem.

Ex. 5, p. 9

1.2

1, p. 3;
2, p. 4;
3, p. 5;
4, p. 7

Estimation, Graphs, and Mathematical Models

a. The procedure for rounding whole numbers is given in the box on page 15. The symbol ≈ means is
approximately equal to.

Ex. 1, p. 15

b. Decimal parts of numbers are rounded in nearly the same way as whole numbers. However, digits to the
right of the rounding place are dropped.

Ex. 2, p. 16

c. Estimation is the process of arriving at an approximate answer to a question. Computations can be
estimated by using rounding that results in simplified arithmetic.

Ex. 3, p. 17;
Ex. 4, p. 17

d. Estimation is useful when interpreting information given by circle, bar, or line graphs.

Ex. 5, p. 19;
Ex. 6, p. 20;
Ex. 7, p. 21

e. The process of finding formulas to describe real-world phenomena is called mathematical modeling.
Such formulas, together with the meaning assigned to the variables, are called mathematical models.

Ex. 8, p. 23

1.3

Problem Solving
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.

Polya’s Four Steps in Problem Solving
1. Understand the problem.
2. Devise a plan.
3. Carry out the plan and solve the problem.
4. Look back and check the answer.

1, p. 31;
2, p. 31;
3, p. 33;
4, p. 34;
5, p. 35;
6, p. 36

Review Exercises
1.1
1. Which reasoning process is shown in the following
example? Explain your answer.
All books by Stephen King have made the best-seller list.
Carrie is a novel by Stephen King. Therefore, Carrie was
on the best-seller list.
2. Which reasoning process is shown in the following
example? Explain your answer.
All books by Stephen King have made the best-seller
list. Therefore, it is highly probable that the novel
King is currently working on will make the best-seller
list.

In Exercises 3–10, identify a pattern in each list of numbers. Then
use this pattern to find the next number.
3. 4, 9, 14, 19, ______
5. 1, 3, 6, 10, 15, ______
7. 40, - 20, 10, - 5, ____

8. 40, - 20, -80, - 140, ________
9. 2, 2, 4, 6, 10, 16, 26, ______
10. 2, 6, 12, 36, 72, 216, _______
11. Identify a pattern in the following sequence of figures. Then
use the pattern to find the next figure in the sequence.

,
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4. 7, 14, 28, 56, _______
3 3 1 3
6. , , , , _____
4 5 2 7

,

,

,
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In Exercises 12–13, use inductive reasoning to predict the next line
in each sequence of computations. Then perform the arithmetic to
determine whether your conjecture is correct.
12.		

2 = 4 - 2

Round the area of the Mandelbrot set to
a. the nearest tenth.
b. the nearest hundredth.
c. the nearest thousandth.

2 + 4 = 8 - 2

d. seven decimal places.

2 + 4 + 8 = 16 - 2
2 + 4 + 8 + 16 = 32 - 2

		 333 , 9 = 37

In Exercises 17–20, obtain an estimate for each computation by
rounding the numbers so that the resulting arithmetic can easily
be performed by hand or in your head. Then use a calculator to
perform the computation. How reasonable is your estimate when
compared to the actual answer?

14. Consider the following procedure:

17. 1.57 + 4.36 + 9.78

13. 111 , 3 = 37
		 222 , 6 = 37

Select a number. Double the number. Add 4 to the product.
Divide the sum by 2. Subtract 2 from the quotient.
a. Repeat the procedure for four numbers of your choice.
Write a conjecture that relates the result of the process to
the original number selected.
b. Represent the original number by the variable n and use
deductive reasoning to prove the conjecture in part (a).

1.2
15. The number 923,187,456 is called a pandigital square
because it uses all the digits from 1 to 9 once each and is
the square of a number:
30,3842 = 30,384 * 30,384 = 923,187,456.
(Source: David Wells, The Penguin Dictionary of Curious and
Interesting Numbers)

		 Round the pandigital square 923,187,456 to the nearest
a. hundred.
b. thousand.

18. 8.83 * 49
19. 19.894 , 4.179
20. 62.3% of 3847.6
In Exercises 21–24, determine each estimate without using a
calculator. Then use a calculator to perform the computation
necessary to obtain an exact answer. How reasonable is your
estimate when compared to the actual answer?
21. Estimate the total cost of six grocery items if their prices
are $8.47, $0.89, $2.79, $0.14, $1.19, and $4.76.
22. Estimate the salary of a worker who works for 78 hours at
$9.95 per hour.
23. At a yard sale, a person bought 21 books at $0.85 each,
two chairs for $11.95 each, and a ceramic plate for $14.65.
Estimate the total amount spent.
24. The circle graph shows how the 20,207,375 students
enrolled in U.S. colleges and universities in 2015 funded
college costs. Estimate the number of students who covered
these costs through grants and scholarships.

c. hundred-thousand.

How Students Cover
College Costs

d. million.
e. hundred-million.
16. A magnified view of the boundary of this black “buglike”
shape, called the Mandelbrot set, was illustrated in the
Section 1.1 opener on page 2.

Parental Income
and Savings

Grants and
Scholarships
31%

30%

3 units
Relatives
and Friends 4%

8%

15%
12%

Student Loans

Parental Loans
2 units

Student Income
and Savings
Source: The College Board

The area of the blue rectangular region is the product of
its length, 3 units, and its width, 2 units, or 6 square units.
It is conjectured that the area of the black buglike region
representing the Mandelbrot set is
26p - 1 - e ≈ 1.5065916514855 square units.

(Source: Robert P. Munafo, Mandelbrot Set Glossary and
Encyclopedia)
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25. A small private school employs 10 teachers with salaries
ranging from $817 to $992 per week. Which of the
following is the best estimate of the monthly payroll for the
teachers?
a. $30,000

b. $36,000

c. $42,000

d. $50,000

26. Select the best estimate for the number of seconds in a day.
a. 1500

b. 15,000

c. 86,000

d. 100,000
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Earth’s Population as a Village of 200 People
#UKCP

125
100

7PFGT
CIG

75

#HTKECP

1XGT
CIG

50

'WTQRGCP

7PCDNG
VQTGCF
QTYTKVG

#OGTKECP
75

25

'CVCV
/E&QPCNFoU
GCEJFC[

120
2CPKE
#VVCEM

110
100

90
80

$CUGNKPG

4GNCZCVKQP

70

1PUGVQH
2CPKECVVCEM

60

0 1 2 3 4 5 6 7 8 9 10 11 12
Time (minutes)
Source: Davis and Palladino, Psychology, Fifth Edition,
Prentice Hall, 2007.

Source: Gary Rimmer, Number Freaking, The Disinformation
Company Ltd.

a. Which group in the village has a population that
exceeds 100? Estimate this group’s population.

a. Use the graph to estimate the woman’s maximum
heart rate during the first 12 minutes of the diagnostic
evaluation. After how many minutes did this occur?

b. World population is approximately 33 million times
the population of the village of 200 people. Use this
observation to estimate the number of people in the
world, in millions, unable to read or write.

b. Use the graph to estimate the woman’s minimum
heart rate during the first 12 minutes of the diagnostic
evaluation. After how many minutes did this occur?

28. The bar graph shows the percentage of people 25 years of
age and older who were college graduates in the United
States for eight selected years.
Percentage of College Graduates, Among People
Ages 25 and Older, in the United States
36%
Percentage Who Were
College Graduates

32%

29.9

28%

d. After how many minutes was the woman’s heart rate
approximately 75 beats per minute?
30. The bar graph shows the population of the United States, in
millions, for five selected years.

32.0
Population of the United States

25.6

24%
17.0

16%
11.0

12%
6.0

7.7

4%
1950 1960 1970 1980 1990 2000 2010 2014
Year
Source: U.S. Census Bureau

a. Estimate the average yearly increase in the percentage
of college graduates. Round to the nearest tenth of a
percent.

309.3

320

21.3

20%

8%

c. During which time period did the woman’s heart rate
increase at the greatest rate?

281.4

280
Population (millions)

Number of People

150

Heart Rate before and during a
Panic Attack
Heart Rate (beats per minute)

27. Imagine the entire global population as a village of
precisely 200 people. The bar graph shows some numeric
observations based on this scenario.

45

240
200

203.3

226.5

248.7

160
120
80
40
1970

1980

1990
Year

2000

2010

Source: U.S. Census Bureau

b. If the trend shown by the graph continues, estimate the
percentage of people 25 years of age and older who will
be college graduates in 2020.

a. Estimate the yearly increase in the U.S. population.
Express the answer in millions and do not
round.

29. During a diagnostic evaluation, a 33-year-old woman
experienced a panic attack a few minutes after she had
been asked to relax her whole body. The graph at the top
of the next column shows the rapid increase in heart rate
during the panic attack.

b. Write a mathematical model that estimates
the U.S. population, p, in millions, x years after
1970.
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c. Use the mathematical model from part (b) to project
the U.S. population, in millions, in 2020.
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1.3
31. What necessary piece of information is missing that
prevents solving the following problem?
If 3 milligrams of a medicine is given for every 20 pounds
of body weight, how many milligrams should be given to
a 6-year-old child?
32. In the following problem, there is one more piece of
information given than is necessary for solving the problem.
Identify this unnecessary piece of information. Then solve
the problem.
A taxicab charges $3.00 for the first mile and $0.50 for
each additional half-mile. After a 6-mile trip, a customer
handed the taxi driver a $20 bill. Find the cost of the
trip.
Use the four-step method in problem solving to solve
Exercises 33–39.
33. A company offers the following text message monthly
price plans.
Pay-per-Text
$0.20 per regular text

34. If there are seven frankfurters in one pound, how many
pounds would you buy for a picnic to supply 28 people with
two frankfurters each?
35. A car rents for $175 per week plus $0.30 per mile. Find the
rental cost for a three-week trip of 1200 miles.
36. The costs for two different kinds of heating systems for a
two-bedroom home are given in the following table.

System

Cost to install

Operating cost
per year

Solar

$29,700

$200

Electric

$5500

$1800

After 12 years, which system will have the greater total
costs (installation cost plus operating cost)? How much
greater will the total costs be?
37. Miami is on Eastern Standard Time and San Francisco is
on Pacific Standard Time, three hours earlier than Eastern
Standard Time. A flight leaves Miami at 10 a.m. Eastern
Standard Time, stops for 45 minutes in Houston, Texas,
and arrives in San Francisco at 1:30 p.m. Pacific time. What
is the actual flying time from Miami to San Francisco?

$0.30 per photo or video text
Packages (include photo and video texts)
200 messages: $5.00 per month
1500 messages: $15.00 per month
Unlimited messages: $20.00 per month
Suppose that you send 40 regular texts and 35 photo texts
in a month. With which plan (pay-per-text or a package)
will you pay less money? How much will you save over the
other plan?

38. An automobile purchased for $37,000 is worth $2600 after
eight years. Assuming that the value decreased steadily
each year, what was the car worth at the end of the fifth
year?
39. Suppose you are an engineer programming the automatic
gate for a 35-cent toll. The gate is programmed for exact
change only and will not accept pennies. How many coin
combinations must you program the gate to accept?

Chapter 1 Test
1. Which reasoning process is shown in the following example?
The course policy states that if you turn in at least
80% of the homework, your lowest exam grade will
be dropped. I turned in 90% of the homework, so my
lowest grade will be dropped.
2. Which reasoning process is shown in the following
example?
We examine the fingerprints of 1000 people. No two
individuals in this group of people have identical
fingerprints. We conclude that for all people, no two
people have identical fingerprints.
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In Exercises 3–6, find the next number, computation, or figure, as
appropriate.
3. 0, 5, 10, 15, ______
5. 3367 * 3
		 3367 * 6
		 3367 * 9
		3367 * 12

=
=
=
=

4.

1 1 1 1
6 , 12 , 24 , 48 ,

_____

10,101
20,202
30,303
40,404______________________

6.
,

,

,

,

,
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Chapter 1 Test
7. Consider the following procedure:

Number of Active-Duty Gay Servicemembers
Discharged from the Military for Homosexuality

Select a number. Multiply the number by 4. Add 8 to
the product. Divide the sum by 2. Subtract 4 from the
quotient.

b. Represent the original number by the variable n
and use deductive reasoning to prove the conjecture in
part (a).
8. Round 3,279,425 to the nearest hundred-thousand.
9. Round 706.3849 to the nearest hundredth.
In Exercises 10–13, determine each estimate without using a
calculator. Different rounding results in different estimates,
so there is not one single correct answer to each exercise. Use
rounding to make the resulting calculations simple.
10. For a spring break vacation, a student needs to spend
$47.00 for gas, $311.00 for food, and $405.00 for a hotel
room. If the student takes $681.79 from savings, estimate
how much more money is needed for the vacation.
11. The cost for opening a restaurant is $485,000. If 19 people
decide to share equally in the business, estimate the amount
each must contribute.
12. Find an estimate of 0.48992 * 121.976.
13. The graph shows the composition of a typical American
community’s trash.
Types of Trash in an American Community
by Percentage of Total Weight

1300
1200
Number of Discharged ActiveDuty Servicemembers

a. Repeat this procedure for three numbers of your
choice. Write a conjecture that relates the result of the
process to the original number selected.

1100
1000
900
800
700
600
500
400
300
200
100
’94 ’95 ’96 ’97 ’98 ’99 ’00 ’01 ’02 ’03 ’04 ’05 ’06 ’07 ’08 ’09 ’10
Year

Source: General Accountability Office

a. For the period shown, in which year did the number
of discharges reach a maximum? Find a reasonable
estimate of the number of discharges for that
year.
b. For the period shown, in which year did the number
of discharges reach a minimum? Find a reasonable
estimate of the number of discharges for that year.
c. In which one-year period did the number of discharges
decrease at the greatest rate?
d. In which year were approximately 1000 gay servicemembers discharged under the “don’t ask, don’t tell”
policy?
16. Grade Inflation. The bar graph shows the percentage of U.S.
college freshmen with an average grade of A in high school.
Percentage of U.S. College Freshmen
with an Average Grade of A
(A− to A+) in High School

Paper 35%

Plastic 11%
Metal 8%
Glass 5%
Other 17%
Source: U.S. Environmental Protection Agency

Across the United States, people generate approximately
512 billion pounds of trash per year. Estimate the number
of pounds of trash in the form of plastic.
14. If the odometer of a car reads 71,911.5 miles and it
averaged 28.9 miles per gallon, select the best estimate for
the number of gallons of gasoline used.
b. 3200

c. 4000

d. 4800

e. 5600

15. The stated intent of the 1994 “don’t ask, don’t tell” policy
was to reduce the number of discharges of gay men and
lesbians from the military. Nearly 14,000 active-duty gay
servicemembers were dismissed under the policy, which
officially ended in 2011, after 18 years. The line graph at
the top of the next column shows the number of discharges
under “don’t ask, don’t tell” from 1994 through 2010.
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Percentage of College Freshmen
with an A High School Average

Yard waste 12%
Food waste 12%

a. 2400

47

60%

53%
48%

50%

43%

40%
30%

27%

29%

1980

1990

20%
10%
2000
Year

2010

2013

Source: Higher Education Research Institute

a. Estimate the average yearly increase in the percentage
of high school grades of A. Round to the nearest tenth
of a percent.
b. Write a mathematical model that estimates the
percentage of high school grades of A, p, x years after
1980.
c. If the trend shown by the graph continues, use your
mathematical model from part (b) to project the
percentage of high school grades of A in 2020.
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17. The cost of renting a boat from Estes Rental is $9 per
15 minutes. The cost from Ship and Shore Rental is $20
per half-hour. If you plan to rent the boat for three hours,
which business offers the better deal and by how much?
18. A bus operates between Miami International Airport and
Miami Beach, 10 miles away. It makes 20 round trips per
day carrying 32 passengers per trip. If the fare each way
is $11.00, how much money is taken in from one day’s
operation?
19. By paying $50 cash up front and the balance at $35 a
week, how long will it take to pay for a computer costing
$960?
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20. In 2000, the population of Greece was 10,600,000, with
projections of a population decrease of 28,000 people per
year. In the same year, the population of Belgium was
10,200,000, with projections of a population decrease of
12,000 people per year. (Source: United Nations)
According to these projections, which country will
have the greater population in 2035 and by how many more
people?
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