Geometry

10

GEOMETRY IS THE STUDY OF THE SPACE YOU LIVE IN AND THE SHAPES THAT SURROUND YOU.
YOU’RE EVEN MADE OF IT! THE HUMAN LUNG CONSISTS OF NEARLY 300 SPHERICAL AIR SACS,
geometrically designed to provide the greatest surface area within the limited volume of our
bodies. Viewed in this way, geometry becomes an intimate experience.

For thousands of years, people have studied geometry in some form to obtain a better
understanding of the world in which they live. A study of the shape of your world will provide you
with many practical applications and perhaps help to increase your appreciation of its beauty.

Here’s where you’ll find these applications:

• A relationship between geometry and the visual arts is developed in
Section 10.3 (Tessellations: pages 640–642).
• Using geometry to describe nature’s complexity is discussed in
Section 10.7 (Fractals: page 682).
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616 C HA P TE R 10  Geometry

10.1
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Understand points, lines, and

planes as the basis of geometry.

2 Solve problems involving angle
measures.

3 Solve problems involving angles
formed by parallel lines and
transversals.

1

Understand points, lines, and
planes as the basis of geometry.

A
Point A

A

B
Line AB

P

Plane P
FIG UR E 1 0.1 Representing a point,
a line, and a plane

Points, Lines, Planes, and Angles
THE SAN FRANCISCO MUSEUM OF MODERN ART WAS
constructed in 1995 to illustrate how art and architecture
can enrich one another. The exterior involves geometric
shapes, symmetry, and unusual facades. Although
there are no windows, natural light streams in
through a truncated cylindrical skylight that
crowns the building. The architect worked with
a scale model of the museum at the site and
observed how light hit it during different times
of the day. These observations were used to
cut the cylindrical skylight at an angle that
maximizes sunlight entering the interior.
Angles play a critical role in creating
modern
architecture.
They
are
also
fundamental in the study of geometry. The
word “geometry” means “earth measure.”
Because it involves the mathematics of
shapes, geometry connects mathematics to art
and architecture. It also has many practical
applications. You can use geometry at home
when you buy carpet, build a fence, tile a floor, or determine whether a piece of
furniture will fit through your doorway. In this chapter, we look at the shapes that
surround us and their applications.

Points, Lines, and Planes
Points, lines, and planes make up the basis of all geometry. Stars in the night sky look
like points of light. Long stretches of overhead power lines that appear to extend
endlessly look like lines. The top of a flat table resembles part of a plane. However,
stars, power lines, and tabletops only approximate points, lines, and planes. Points,
lines, and planes do not exist in the physical world. Representations of these forms
are shown in Figure 10.1. A point, represented as a small dot, has no length, width,
or thickness. No object in the real world has zero size. A line, connecting two points
along the shortest possible path, has no thickness and extends infinitely in both
directions. However, no familiar everyday object is infinite in length. A plane is
a flat surface with no thickness and no boundaries. This page resembles a plane,
although it does not extend indefinitely and it does have thickness.
A line may be named using any two of its points. In Figure 10.2(a), line AB can
QT QT
be symbolized AB or BA . Any point on the line divides the line into three parts—
T
the point and two half-lines. Figure 10.2(b) illustrates half-line AB, symbolized °AB .
The open circle above the A in the symbol and in the diagram indicates that point A
is not included in the half-line. A ray is a half-line with its endpoint included.
T
Figure 10.2(c) illustrates ray AB, symbolized AB . The closed dot above the A in the
diagram shows that point A is included in the ray. A portion of a line joining two
points and including the endpoints is called a line segment. Figure 10.2(d) illustrates
line segment AB, symbolized AB or BA.
A

B

(a) Line AB
AB or BA

A

B

(b) Half-line AB
AB

A

B

(c) Ray AB
AB

A

B

(d) Line Segment AB
AB or BA

FI G U R E 1 0 . 2 Lines, half-lines, rays, and line segments

Angles
An angle, symbolized ∡, is formed by the union of two rays that have a common
endpoint. One ray is called the initial side and the other the terminal side.
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Ray

Ray

A rotating ray is often a useful way to think about angles. The ray in Figure 10.3
rotates from 12 to 2. The ray pointing to 12 is the initial side and the ray pointing
to 2 is the terminal side. The common endpoint of an angle’s initial side and terminal
side is the vertex of the angle.
Figure 10.4 shows an angle. The common endpoint of the two rays, B, is the
T
T
vertex. The two rays that form the angle, BA and BC , are the sides. The four ways
of naming the angle are shown to the right of Figure 10.4.
Naming the Angle
5KFG

C

∡1

8GTVGZ
FIGURE 10 . 3 Clock with hands
forming an angle

2

Solve problems involving angle
measures.

617

FI G U R E 1 0 . 4 An angle:
two rays with a common
endpoint

1

B

∡B
8GTVGZ
CNQPG

A
5KFG

∡ABC

∡CBA

8GTVGZNGVVGTKP
VJGOKFFNG

Measuring Angles Using Degrees
Angles are measured by determining the amount of rotation from the initial side to
the terminal side. One way to measure angles is in degrees, symbolized by a small,
raised circle °. Think of the hour hand of a clock. From 12 noon to 12 midnight, the
hour hand moves around in a complete circle. By definition, the ray has rotated
through 360 degrees, or 360°, shown in Figure 10.5. Using 360° as the amount of
1
rotation of a ray back onto itself, a degree, 1°, is 360
of a complete rotation.

EXAMPLE 1

Using Degree Measure

The hand of a clock moves from 12 to 2 o’clock, shown in Figure 10.3. Through
how many degrees does it move?

SOLUTION
2
We know that one complete rotation is 360°. Moving from 12 to 2 o’clock is 12
,
1
or 6, of a complete revolution. Thus, the hour hand moves

1
360°
* 360° =
= 60°
6
6

FIGURE 10 . 5 A complete 360° rotation

in going from 12 to 2 o’clock.

CHECK POINT 1 The hand of a clock moves from 12 to 1 o’clock. Through how
many degrees does it move?
Figure 10.6 shows angles classified by their degree measurement. An acute
angle measures less than 90° [see Figure 10.6(a)]. A right angle, one-quarter of a
complete rotation, measures 90° [Figure 10.6(b)]. Examine the right angle—do you
see a small square at the vertex? This symbol is used to indicate a right angle. An
obtuse angle measures more than 90°, but less than 180° [Figure 10.6(c)]. Finally,
a straight angle, one-half a complete rotation, measures 180° [Figure 10.6(d)]. The
two rays in a straight angle form a straight line.

(a) Acute angle
FIGURE 10 . 6 Classifying angles by
their degree measurements
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Less than 90°

(b) Right angle
90°

(c) Obtuse angle
More than 90°
but less than 180°

(d) Straight angle
180°
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Figure 10.7 illustrates a protractor, used for finding the degree measure of an
angle. As shown in the figure, we measure an angle by placing the center point of
the protractor on the vertex of the angle and the straight side of the protractor along
one side of the angle. The measure of ∡ ABC is then read as 50°. Observe that the
measure is not 130° because the angle is obviously less than 90°. We indicate the
angle’s measure by writing m∡ ABC = 50°, read “the measure of angle ABC is 50°.”
80 90 10 0 11
0 1
70
20
80 7
10 0
0
13
110
60
0
0
0
5
12
50
0
13

C
0
14

170
160
150 20 10
30

40

10 2
0
30
170 1
60
40
150
14
0

60

A

B

FI G U R E 1 0 . 7 Using a protractor to measure an angle: m∡ ABC = 50°

Two angles whose measures have a sum of 90° are called complementary angles.
For example, angles measuring 70° and 20° are complementary angles because
70° + 20° = 90°. For angles such as those measuring 70° and 20°, each angle is the
complement of the other: The 70° angle is the complement of the 20° angle and the
20° angle is the complement of the 70° angle. The measure of the complement can
be found by subtracting the angle’s measure from 90°. For example, we can find the
complement of a 25° angle by subtracting 25° from 90°: 90° - 25° = 65°. Thus, an
angle measuring 65° is the complement of one measuring 25°.

EXAMPLE 2
C

Use Figure 10.8 to find m∡DBC.

D

SOLUTION

?°
62°
B

Angle Measures and Complements

A

FIGURE 10 .8

The measure of ∡ DBC is not yet known. It is shown as ?° in Figure 10.8. The
acute angles ∡ ABD, which measures 62°, and ∡ DBC form a right angle,
indicated by the square at the vertex. This means that the measures of the
acute angles add up to 90°. Thus, ∡ DBC is the complement of the angle
measuring 62°. The measure of ∡ DBC is found by subtracting 62° from 90°:
m∡ DBC = 90° - 62° = 28°.
The measure of ∡ DBC can also be found using an algebraic approach.
m∡ ABD + m∡ DBC = 90°

		

62° + m∡ DBC = 90°

The sum of the measures of
complementary angles is 90°.
We are given m∡ ABD = 62°.

m∡ DBC = 90° - 62° = 28° Subtract 62° from both sides of

		

the equation.

CHECK POINT 2 In Figure 10.8, let m∡ DBC = 19°. Find m∡ DBA.
Two angles whose measures have a sum of 180° are called supplementary angles.
For example, angles measuring 110° and 70° are supplementary angles because
110° + 70° = 180°. For angles such as those measuring 110° and 70°, each angle is
the supplement of the other: The 110° angle is the supplement of the 70° angle, and
the 70° angle is the supplement of the 110° angle. The measure of the supplement
can be found by subtracting the angle’s measure from 180°. For example, we can
find the supplement of a 25° angle by subtracting 25° from 180°: 180° - 25° = 155°.
Thus, an angle measuring 155° is the supplement of one measuring 25°.
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EXAMPLE 3

619

Angle Measures and Supplements

Figure 10.9 shows that ∡ ABD and ∡ DBC are supplementary angles. If
m∡ ABD is 66° greater than m∡ DBC, find the measure of each angle.

D

SOLUTION
C

A

B

FIGURE 10 . 9

Let m∡ DBC = x. Because m∡ ABD is 66° greater than m∡ DBC, then
m∡ ABD = x + 66°. We are given that these angles are supplementary.
m∡ DBC + m∡ ABD = 180°

		

x + (x + 66°) = 180°

		

2x + 66° = 180°
2x = 114°
x = 57°

The sum of the measures of
supplementary angles is 180°.
Substitute the variable
expressions for the measures.
Combine like terms: x + x = 2x.
Subtract 66° from both sides.
Divide both sides by 2.

Thus, m∡ DBC = 57° and m∡ ABD = 57° + 66° = 123°.

CHECK POINT 3 In Figure 10.9, if m∡ ABD is 88° greater than m∡ DBC, find
the measure of each angle.
Figure 10.10 illustrates a highway sign that warns
of a railroad crossing. When two lines intersect, the
opposite angles formed are called vertical angles.
In Figure 10.11, there are two pairs of vertical
angles. Angles 1 and 3 are vertical angles. Angles 2 and 4
are also vertical angles.
We can use Figure 10.11 to show that vertical angles
have the same measure. Let’s concentrate on angles
1 and 3, each denoted by one tick mark. Can you see
that each of these angles is supplementary to angle 2?
FIGURE 10 . 10

m∡ 1 + m∡ 2 = 180°

		

m∡ 2 + m∡ 3 = 180°
m∡ 1 + m∡ 2 = m∡ 2 + m∡ 3

		

m∡ 1 = m∡ 3

1

2
3
4

FI G UR E 1 0 .1 1

The sum of the measures of
supplementary angles is 180°.
Substitute m∡ 2 + m∡ 3 for
180° in the first equation.
Subtract m∡ 2 from both sides.

Using a similar approach, we can show that m∡ 2 = m∡ 4, each denoted by
two tick marks in Figure 10.11.
Vertical angles have the same measure.

EXAMPLE 4

Figure 10.12 shows that the angle on the left measures 68°. Find the measures
of the other three angles.

2
1

68°

Using Vertical Angles

3

FIG UR E 1 0. 12
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SOLUTION
Angle 1 and the angle measuring 68° are vertical angles. Because vertical
angles have the same measure,
m∡ 1 = 68°.
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Angle 2 and the angle measuring 68° form a straight angle and are
supplementary. Because their measures add up to 180°,

2

m∡ 2 = 180° - 68° = 112°.

1

68°

Angle 2 and angle 3 are also vertical angles, so they have the same measure.
Because the measure of angle 2 is 112°,

3

m∡ 3 = 112°.

FIGURE 10 .12 (repeated)

CHECK POINT 4 In Figure 10.12, assume that the angle on the left measures 57°.
Find the measures of the other three angles.
Parallel Lines
Parallel lines are lines that lie in the same plane and
have no points in common. If two different lines in
the same plane are not parallel, they have a single
point in common and are called intersecting lines. If
the lines intersect at an angle of 90°, they are called
perpendicular lines.
If we intersect a pair of parallel lines with a third
line, called a transversal, eight angles are formed, as
shown in Figure 10.13. Certain pairs of these angles
have special names, as well as special properties. These
names and properties are summarized in Table 10.1.

6TCPUXGTUCN
1
3

2
4
2CTCNNGN
NKPGU

5
7

6
8

FI G U R E 10 .1 3

T A B L E 1 0 . 1 Names of Angle Pairs Formed by a Transversal Intersecting Parallel Lines

Name

Description

Sketch

Alternate
interior angles

Interior angles that do
not have a common
vertex on alternate
sides of the transversal

1

Angle Pairs
Described
2

∡ 3 and ∡6
∡ 4 and ∡ 5

3 4
5

Exterior angles that
do not have a common
vertex on alternate
sides of the transversal

1 2
3 4
5
7

Corresponding
angles

Alternate exterior
angles have the
same measure.
m∡ 1 = m∡ 8
m∡ 2 = m∡ 7

8

1
3 4
5
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∡ 1 and ∡ 8
∡ 2 and ∡ 7

6

One interior and one
exterior angle on
the same side of the
transversal
7

Alternate interior
angles have the
same measure.
m∡ 3 = m∡ 6
m∡ 4 = m∡ 5

6

7 8

Alternate
exterior angles

Property

6
8

2

∡1
∡2
∡3
∡4

and
and
and
and

∡5
∡6
∡7
∡8

Corresponding
angles have the
same measure.
m∡ 1
m∡ 2
m∡ 3
m∡ 4

=
=
=
=

m∡ 5
m∡ 6
m∡ 7
m∡ 8
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3

Solve problems involving angles
formed by parallel lines and
transversals.

621

When two parallel lines are intersected by a transversal, the following
relationships are true:
PARALLEL LINES AND ANGLE PAIRS
If parallel lines are intersected by a transversal,
• alternate interior angles have the same measure,
• alternate exterior angles have the same measure, and
• corresponding angles have the same measure.

Conversely, if two lines are intersected by a third line and a pair of alternate
interior angles or a pair of alternate exterior angles or a pair of corresponding
angles have the same measure, then the two lines are parallel.

EXAMPLE 5
4

5
3

2
2CTCNNGN
NKPGU
m ∡ 8 = 35°

7
6

1

Finding Angle Measures When Parallel Lines Are
Intersected by a Transversal

In Figure 10.14, two parallel lines are intersected by a transversal. One of the
angles (∡ 8) has a measure of 35°. Find the measure of each of the other seven
angles.

SOLUTION
Look carefully at Figure 10.14 and fill in the angle measures as you read each
line in this solution.

FIGURE 10 . 14

m∡ 1 = 35°

		

m∡ 6 = 180° - 35° = 145°
m∡ 7 = 145°

		

m∡ 2 = 35°

		

m∡ 3 = 145°

GREAT QUESTION!
Is there more than one way to
solve Example 5?
Yes. For example, once you
know that m∡ 2 = 35°, m∡ 5
is also 35° because ∡ 2 and ∡ 5
are vertical angles.

		

m∡ 5 = 35°

		

m∡ 4 = 180° - 35° = 145°

∡ 8 and ∡ 1 are vertical angles and
vertical angles have the same measure.
∡ 8 and ∡ 6 are supplementary.
∡ 6 and ∡ 7 are vertical angles, so they
have the same measure.
∡ 8 and ∡ 2 are alternate interior
angles, so they have the same measure.
∡ 7 and ∡ 3 are alternate interior angles.
Thus, they have the same measure.
∡ 8 and ∡ 5 are corresponding angles.
Thus, they have the same measure.
∡ 4 and ∡ 5 are supplementary.

CHECK POINT 5 In Figure 10.14, assume that m∡ 8 = 29°. Find the measure of
each of the other seven angles.

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
QT
T
1. AB symbolizes ______ AB, °AB symbolizes __________
T
AB, AB symbolizes ______ AB, and AB symbolizes
______________ AB.
2. A/an ____________ angle measures less than 90°, a/an
____________ angle measures 90°, a/an ____________ angle
measures more than 90° and less than 180°, and a/an
____________ angle measures 180°.

3. Two angles whose measures have a sum of 90° are called
_________________ angles. Two angles whose measures have a
sum of 180° are called ________________ angles.
4. When two lines intersect, the opposite angles are called
_________ angles.
5. Lines that lie in the same plane and have no points in common
are called __________ lines. If these lines are intersected by a
third line, called a ____________, eight angles are formed.
6. Lines that intersect at an angle of 90° are called
_______________ lines.
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In Exercises 7–12, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.
7. A ray extends infinitely in both directions. _______
8. An angle is formed by the union of two lines that have a
common endpoint. _______

1
of a complete rotation. _______
9. A degree, 1°, is 90

10. A ruler is used for finding the degree measure of an angle.
_______
11. The measure of an angle’s complement is found by
subtracting the angle’s measure from 90°. _______
12. Vertical angles have the same measure. _______

Exercise Set 10.1
Practice Exercises
1. The hour hand of a clock moves from 12 to 5 o’clock.
Through how many degrees does it move?
2. The hour hand of a clock moves from 12 to 4 o’clock.
Through how many degrees does it move?
3. The hour hand of a clock moves from 1 to 4 o’clock.
Through how many degrees does it move?
4. The hour hand of a clock moves from 1 to 7 o’clock.

120

G

110

D
70

1
20. 15 °
3
In Exercises 21–24, use an algebraic equation to find the measures
of the two angles described. Begin by letting x represent the degree
measure of the angle’s complement or its supplement.
19. 37.4°

18. 1°

21. The measure of the angle is 12° greater than its complement.
23. The measure of the angle is three times greater than its
supplement.

In Exercises 25–28, find the measures of angles 1, 2, and 3.
26.
25.

60

133°

50

130
140

40

B

30

150

1

72°

10

170
180

0

2

3

20

160

H

17. 89°

24. The measure of the angle is 81° more than twice that of its
supplement.

E
100 90 80

16. 52°

15. 48°

22. The measure of the angle is 56° greater than its complement.

Through how many degrees does it move?
In Exercises 5–10, use the protractor to find the measure of each
angle. Then classify the angle as acute, right, straight, or obtuse.

F

In Exercises 15–20, find the measure of the complement and the
supplement of each angle.

1

3

2

C

A

5. ∡ CAB

6. ∡ CAF

7. ∡ HAB

8. ∡ HAF

9. ∡ CAH

10. ∡ HAE

27.

28.
40°
3

1
3

2

11.

12.

?°

?°

32°

25°

The figures for Exercises 29–30 show two parallel lines intersected
by a transversal. One of the angle measures is given. Find the
measure of each of the other seven angles.
29.

13.
?°

13°

2

34°

?°
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30.

112°

4

14.

30°

2 1

In Exercises 11–14, find the measure of the angle in which a
question mark with a degree symbol appears.

6

2

3
4

5
7

54°

1

1

6

3

5
7
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The figures for Exercises 31–34 show two parallel lines intersected
by more than one transversal. Two of the angle measures are given.
Find the measures of angles 1, 2, and 3.
32.

31.
38°
2

Practice Plus
In Exercises 43–46, use an algebraic equation to find the measure
of each angle that is represented in terms of x.
44.
43.
2x + 50°

2

3x + 134°

1

3

3

46.

45.
11x - 20°

12x - 3°

34.

33.

2CTCNNGNNKPGU

65°

10x + 15°

7x + 28°
1

63°

59°
3

6x + 10°

4x + 10°

40°

1

623

2 1

2
60°

3

Use the following figure to determine whether each statement in
Exercises 35–38 is true or false.

Because geometric figures consist of sets of points, we can apply
set operations to obtain the union, ∪, or the intersection, ¨,
of such figures. The union of two geometric figures is the set of
points that belongs to either of the figures or to both figures. The
intersection of two geometric figures is the set of points common
to both figures. In Exercises 47–54, use the line shown to find each
set of points.
A

2CTCNNGN
NKPGU
1
3
4

2

B

C

D

47. AC ¨ BD

48. AB ¨ BC

49. AC ∪ BD
T
T
51. BA ∪ BC
T
53. AD ¨ DB

50. AB ∪ BC
T
T
52. CB ∪ CD
T
54. AC ¨ CB

53°

Application Exercises
35. m∡ 2 = 37°

36. m∡ 1 = m∡ 2

37. m∡ 4 = 53°

38. m∡ 3 = m∡ 4

55. The picture shows the top of an umbrella in which all the
angles formed by the spokes have the same measure. Find
the measure of each angle.

Use the following figure to determine whether each statement in
Exercises 39–42 is true or false.
2CTCNNGN
NKPGU
3
52°
1
72°

2

39. m∡ 1 = 38°

40. m∡ 1 = 108°

41. m∡ 2 = 52°

42. m∡ 3 = 72°
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56. In the musical Company, composer Stephen Sondheim
describes the marriage between two of the play’s characters
as “parallel lines who meet.” What is the composer saying
about this relationship?
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57. The picture shows a window with parallel framing in which
snow has collected in the corners. What property of parallel
lines is illustrated by where the snow has collected?

Explaining the Concepts
64. Describe the differences among lines, half-lines, rays, and
line segments.
65. What is an angle and what determines its size?
66. Describe each type of angle: acute, right, obtuse, and straight.
67. What are complementary angles? Describe how to find the
measure of an angle’s complement.
68. What are supplementary angles? Describe how to find the
measure of an angle’s supplement.
69. Describe the difference between perpendicular and parallel
lines.

In Exercises 58–59, consider the following uppercase letters from
the English alphabet:
.
58. Which letters contain parallel line segments?
59. Which letters contain perpendicular line segments?
Angles play an important role in custom bikes that are properly
fitted to the biking needs of cyclists. One of the angles to help
find the perfect fit is called the hip angle. The figure indicates that
the hip angle is created when you’re sitting on the bike, gripping
the handlebars, and your leg is fully extended. Your hip is the
vertex, with one ray extending to your shoulder and the other ray
extending to the front-bottom of your foot.

70. If two parallel lines are intersected by a transversal, describe
the location of the alternate interior angles, the alternate
exterior angles, and the corresponding angles.
71. Describe everyday objects that approximate points, lines,
and planes.
72. If a transversal is perpendicular to one of two parallel lines,
must it be perpendicular to the other parallel line as well?
Explain your answer.

Critical Thinking Exercises
Make Sense?
In Exercises 73–76, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
73. I drew two lines that are not parallel and that intersect
twice.
74. I used the length of an angle’s sides to determine that it was
obtuse.
75. I’m working with two angles that are not complementary, so
I can conclude that they are supplementary.

*KRCPING

76. The rungs of a ladder are perpendicular to each side, so the
rungs are parallel to each other.
77. Use the figure to select a pair of complementary angles.
a. ∡ 1 and ∡ 4
b. ∡ 3 and ∡ 6
c. ∡ 2 and ∡ 5
The table indicates hip angles for various biking needs. Use this
information to pedal through Exercises 60–63.
Hip Angle

Used For

85° … hip angle … 89°

short-distance aggressive racing

91° … hip angle … 115°

long-distance riding

116° … hip angle … 130°

mountain biking

60. Which type or types of biking require an acute hip angle?
61. Which type or types of biking require an obtuse hip angle?
62. A racer who had an 89° hip angle decides to switch to longdistance riding. What is the maximum difference in hip angle
for the two types of biking?

d. ∡ 1 and ∡ 5

1

2
6

3
5

78. If m∡ AGB = m∡ BGC, and m∡ CGD = m∡ DGE, find
m∡ BGD.
B

C

63. A racer who had an 89° hip angle decides to switch to
mountain biking. What is the minimum difference in hip
angle for the two types of biking?
(Source for Exercises 60–63: Scholastic Math, January 11, 2010)
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10.2
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Solve problems involving angle
relationships in triangles.

2 Solve problems involving similar
triangles.

3 Solve problems using the
Pythagorean Theorem.

625

Triangles
IN CHAPTER 1, WE DEFINED
deductive reasoning as the
process of proving a specific
conclusion from one or
more general statements. A
conclusion that is proved to
be true through deductive
reasoning is called a theorem.
The Greek mathematician
Euclid, who lived more than The Walter Pyramid, California State University, Long Beach
2000 years ago, used deductive reasoning. In his 13-volume book, Elements, Euclid
proved over 465 theorems about geometric figures. Euclid’s work established
deductive reasoning as a fundamental tool of mathematics. Here’s looking at Euclid!
A triangle is a geometric figure that has three sides, all of which lie on a flat
surface or plane. If you start at any point along the triangle and trace along the entire
figure exactly once, you will end at the same point at which you started. Because
the beginning point and ending point are the same, the triangle is called a closed
geometric figure. Euclid used parallel lines to prove one of the most important
properties of triangles: The sum of the measures of the three angles of any triangle
is 180°. Here is how he did it. He began with the following general statement:
EUCLID’S ASSUMPTION ABOUT PARALLEL LINES
Given a line and a point not on the line, one and only one line can be drawn
through the given point parallel to the given line.
)KXGPRQKPV
.KPGRCTCNNGNVQ
IKXGPNKPGVJTQWIJ
IKXGPRQKPV

)KXGPNKPG

In Figure 10.15, triangle ABC represents any triangle. Using the general
assumption given above, we draw a line through point B parallel to line AC.
B
2

1

5

&TCYVJKUNKPGVJTQWIJ
RQKPVBRCTCNNGNVQAC

4
2CTCNNGN
NKPGU
3

A

C

FI G U R E 1 0 . 1 5

Because the lines are parallel, alternate interior angles have the same measure.
m∡ 1 = m∡ 2 and m∡ 3 = m∡ 4
Also observe that angles 2, 5, and 4 form a straight angle.
m∡2 + m∡5 + m∡4 = 180°
$GECWUGm∡=m∡
TGRNCEGm∡YKVJm∡

$GECWUGm∡=m∡
TGRNCEGm∡YKVJm∡

m∡1 + m∡5 + m∡3 = 180°
Because ∡ 1, ∡ 5, and ∡ 3 are the three angles of the triangle, this last equation
shows that the measures of the triangle’s three angles have a 180° sum.
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THE ANGLES OF A TRIANGLE
The sum of the measures of the three angles of any triangle is 180°.

1

Solve problems involving angle
relationships in triangles.

EXAMPLE 1

Using Angle Relationships in Triangles

Find the measure of angle A for triangle ABC in Figure 10.16.

SOLUTION
B

Because m∡ A + m∡ B + m∡ C = 180°, we obtain

120°

m∡ A + 120° + 17° = 180°

17°

?°
A

C

		

m∡ A + 137° = 180°
m∡ A = 180° - 137°

FIGURE 10 .16

		

m∡ A = 43°

The sum of the measures of a triangle’s
three angles is 180°.
Simplify: 120° + 17° = 137°.
Find the measure of A by subtracting
137° from both sides of the equation.
Simplify.

CHECK POINT 1 In Figure 10.16, suppose that m∡ B = 116° and m∡ C = 15°.

Find m∡ A.

EXAMPLE 2

Using Angle Relationships in Triangles

Find the measures of angles 1 through 5 in Figure 10.17.
3
1

60°
4

5

2

43°

FIG UR E 1 0.1 7

SOLUTION
Because ∡ 1 is supplementary to the right angle, m∡ 1 = 90°.
m∡ 2 can be found using the fact that the sum of the measures of the
angles of a triangle is 180°.
m∡ 1 + m∡ 2 + 43° = 180°

		

90° + m∡ 2 + 43°
m∡ 2 + 133°
m∡ 2
m∡ 2

=
=
=
=

180°
180°
180° - 133°
47°

The sum of the measures of a triangle’s
three angles is 180°.
We previously found that m∡ 1 = 90°.
Simplify: 90° + 43° = 133°.
Subtract 133° from both sides.
Simplify.

m∡3 can be found using the fact that vertical angles have equal measures:
m∡3 = m∡2. Thus, m∡3 = 47°.
m∡4 can be found using the fact that the sum of the measures of the angles
of a triangle is 180°. Refer to the triangle at the top of Figure 10.17.
m∡3 + m∡4 + 60° = 180°

		

47° + m∡4 + 60°
m∡4 + 107°
m∡4
m∡4
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=
=
=
=

180°
180°
180° - 107°
73°

The sum of the measures of a triangle’s
three angles is 180°.
We previously found that m∡3 = 47°.
Simplify: 47° + 60° = 107°.
Subtract 107° from both sides.
Simplify.
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Finally, we can find m∡5 by observing that angles 4 and 5 form a straight angle.
m∡4 + m∡5
73° + m∡5
m∡5
m∡5

=
=
=
=

180°
180°
180° - 73°
107°

A straight angle measures 180°.
We previously found that m∡4 = 73°.
Subtract 73° from both sides.
Simplify.

CHECK POINT 2 In Figure 10.17, suppose that the angle shown to measure 43°
measures, instead, 36°. Further suppose that the angle shown to measure 60°
measures, instead, 58°. Under these new conditions, find the measures of angles 1
through 5 in the figure.
GREAT QUESTION!
Does an isosceles triangle have
exactly two equal sides or at
least two equal sides?
We checked a variety of math
textbooks and found two
slightly different definitions
for an isosceles triangle.
One definition states that an
isosceles triangle has exactly
two sides of equal length. A
second definition asserts that
an isosceles triangle has at least
two sides of equal length. (This
makes an equilateral triangle,
with three sides of the same
length, an isosceles triangle.)
In this book, we assume
that an isosceles triangle has
exactly two sides, but not three
sides, of the same length.

2

Solve problems involving similar
triangles.

Pedestrian crossing

Triangles can be described using characteristics of their angles or their sides.
TRIANGLES AND THEIR CHARACTERISTICS
Classification by Angles
Acute Triangle
All angles are acute.

Right Triangle
One angle measures 90°.

Obtuse Triangle
One angle is obtuse.

Equilateral Triangle
All sides have equal length.
(Each angle measures 60°.)

Scalene Triangle
No two sides are equal in
length.

Classification by Sides
Isosceles Triangle
Two sides have equal length.
(Angles opposite these sides
have the same measure.)

60°
60°

60°

Similar Triangles
Shown in the margin is an international road sign. This sign is shaped just like the
actual sign, although its size is smaller. Figures that have the same shape, but not
the same size, are used in scale drawings. A scale drawing always pictures the exact
shape of the object that the drawing represents. Architects, engineers, landscape
gardeners, and interior decorators use scale drawings in planning their work.
Figures that have the same shape, but not necessarily the same size, are called
similar figures. In Figure 10.18, triangles ABC and DEF are similar. Angles A
and D measure the same number of degrees and are called corresponding angles.
Angles C and F are corresponding angles, as are angles B and E. Angles with the
same number of tick marks in Figure 10.18 are the corresponding angles.
C
F
8 in.

6 in.

3 in.
D

A

4 in.

4 in.
2 in.

E

B

FI G U R E 1 0 . 1 8
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C
F
8 in.

6 in.

3 in.
D

A

4 in.
2 in.

E

B

4 in.

FIGURE 10 .18 (repeated)

The sides opposite the corresponding angles are called corresponding sides.
Thus, CB and FE are corresponding sides. AB and DE are also corresponding sides,
as are AC and DF. Corresponding angles measure the same number of degrees,
but corresponding sides may or may not be the same length. For the triangles in
Figure 10.18, each side in the smaller triangle is half the length of the corresponding
side in the larger triangle.
The triangles in Figure 10.18 illustrate what it means to be similar triangles.
Corresponding angles have the same measure and the ratios of the lengths of the
corresponding sides are equal.
length of AC
length of DF

=

6 in.
2 length of CB
8 in .
2 length of AB
4 in . 2
= ;
=
= ;
=
=
3 in .
1 length of FE
4 in .
1 length of DE
2 in .
1

In similar triangles, the lengths of the corresponding sides are proportional. Thus,
ACTGRTGUGPVUVJGNGPIVJ
QHACDFVJGNGPIVJQH
DFCPFUQQP

AC
CB
AB
=
=
.
DF
FE
DE

How can we quickly determine if two triangles are similar? If the measures of
two angles of one triangle are equal to those of two angles of a second triangle, then
the two triangles are similar. If the triangles are similar, then their corresponding
sides are proportional.
7 in.

EXAMPLE 3

5 in.

8 in.

Using Similar Triangles

Explain why the triangles in Figure 10.19 are similar. Then find the missing
length, x.

x

SOLUTION
FIGURE 10 .19

Figure 10.20 shows that two angles of the small triangle are equal in measure
to two angles of the large triangle. One angle pair is given to have the same
measure. Another angle pair consists of vertical angles with the same measure.
Thus, the triangles are similar and their corresponding sides are proportional.

8GTVKECNCPINGU
JCXGVJGUCOG
OGCUWTG
7 in.

1RRQUKVGVJGCPING
YKVJQPGVKEM
KPVJGUOCNN△

5 in.

8 in.

1RRQUKVGVJGCPING
YKVJQPGVKEM
KPVJGNCTIG△

x

)KXGPVQJCXG
VJGUCOG
OGCUWTG

5
7
=
8
x

1RRQUKVGVJGCPING
YKVJVYQVKEMU
KPVJGUOCNN△
1RRQUKVGVJGCPING
YKVJVYQVKEMU
KPVJGNCTIG△

We solve 58 = 7x for x by applying the cross-products principle for proportions
that we discussed in Section 6.2: If ba = dc , then ad = bc.

FIGURE 10 .20

5x
5x
5x
5
x

8 cm
x

= 8#7
= 56
56
=
5
= 11.2

Apply the cross-products principle.
Multiply: 8 # 7 = 56.

Divide both sides by 5.
Simplify.

The missing length, x, is 11.2 inches.

10 cm
12 cm

CHECK POINT 3 Explain why the triangles in Figure 10.21 are similar. Then
FIGURE 10 .21
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find the missing length, x.
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Problem Solving Using Similar Triangles

A man who is 6 feet tall is standing 10 feet from the base of a lamppost (see
Figure 10.22). The man’s shadow has a length of 4 feet. How tall is the lamppost?

SOLUTION
?

The drawing in Figure 10.23 makes the similarity of the triangles easier to see.
The large triangle with the lamppost on the left and the small triangle with the
man on the left both contain 90° angles. They also share an angle. Thus, two
angles of the large triangle are equal in measure to two angles of the small
triangle. This means that the triangles are similar and their corresponding sides
are proportional. We begin by letting x represent the height of the lamppost, in
feet. Because corresponding sides of the two similar triangles are proportional,

6 ft

10 ft

4 ft

1RRQUKVGVJGCPING
YKVJQPGVKEM
KPVJGNCTIG△

FIGURE 10 . 22

x
14
= .
6
4

1RRQUKVGVJGCPING
YKVJQPGVKEM
KPVJGUOCNN△

1RRQUKVGVJGWPOCTMGF
CPINGKPVJGNCTIG△
1RRQUKVGVJGWPOCTMGF
CPINGKPVJGUOCNN△

We solve for x by applying the cross-products principle.
4x = 6 # 14
Apply the cross-products principle.
4x = 84
Multiply: 6 # 14 = 84.
4x
84
=
Divide both sides by 4.
4
4
x = 21
Simplify.
The lamppost is 21 feet tall.

Lamppost x

90°

CHECK POINT 4 Find the

10 + 4 = 14 ft

height of the lookout tower
shown in Figure 10.24 using
the figure that lines up the
top of the tower with the
top of a stick that is 2 yards
long and 3.5 yards from the
line to the top of the tower.

#PINGUJCTGFD[
DQVJVTKCPINGU
Man
6 ft
90°

h

2 yd
3.5
yd

56 yd
FI G U R E 1 0 . 2 4

4 ft

The Pythagorean Theorem

FIG UR E 1 0. 23

3

Solve problems using the
Pythagorean Theorem.

#TGC

USWCTG
WPKVU

#TGC
USWCTG
WPKVU
54
3

#TGC
USWCTG
WPKVU
FIGURE 10 . 25 The area of the large
square equals the sum of the areas of
the smaller squares.
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The ancient Greek philosopher and mathematician Pythagoras (approximately
582–500 b.c.) founded a school whose motto was “All is number.” Pythagoras is
best remembered for his work with the right triangle, a triangle with one angle
measuring 90°. The side opposite the 90° angle is called the hypotenuse. The other
sides are called legs. Pythagoras found that if he constructed squares on each of the
legs, as well as a larger square on the hypotenuse, the sum of the areas of the smaller
squares is equal to the area of the larger square. This is illustrated in Figure 10.25.
This relationship is usually stated in terms of the lengths of the three sides of a
right triangle and is called the Pythagorean Theorem.
THE PYTHAGOREAN THEOREM
The sum of the squares of the lengths of the legs of
a right triangle equals the square of the length of the
hypotenuse.
If the legs have lengths a and b and the hypotenuse
has length c, then
a 2 + b2 = c 2 .

B

c

a
Leg

b
Leg

C

Hypotenuse

A
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Blitzer Bonus
The Universality of
Mathematics
Is mathematics discovered or
invented? The “Pythagorean”
Theorem,
credited
to
Pythagoras, was known in
China, from land surveying,
and in Egypt, from pyramid
building,
centuries
before
Pythagoras was born. The
same mathematics is often
discovered/invented
by
independent
researchers
separated by time, place, and
culture.

EXAMPLE 5

Using the Pythagorean Theorem

Find the length of the hypotenuse c in the right triangle
shown in Figure 10.26.

B
c

SOLUTION
Let a = 9 and b = 12. Substituting these values into
c 2 = a2 + b2 enables us to solve for c.

A

12 ft

c 2 = a 2 + b2

FI G UR E 1 0 .2 6
Use the symbolic
statement of the Pythagorean Theorem.

c2
c2
c2
c

Let a = 9 and b = 12.

		

=
=
=
=

9 2 + 122
81 + 144
225
2225 = 15

9 ft
C

92 = 9 # 9 = 81 and 122 = 12 # 12 = 144.
Add.
Solve for c by taking the positive square root of 225.

The length of the hypotenuse is 15 feet.

CHECK POINT 5 Find the length of the hypotenuse in a right triangle whose
legs have lengths 7 feet and 24 feet.

EXAMPLE 6
This diagram of the Pythagorean
Theorem is from a Chinese
manuscript dated as early as
1200 b.c.

Using the Pythagorean Theorem: Screen Math

Did you know that the size of a television screen refers to the length of its
diagonal? If the length of the HDTV screen in Figure 10.27 is 28 inches and its
width is 15.7 inches, what is the size of the screen to the nearest inch?
28 in.

c

15.7 in.

FI G U R E 1 0 . 2 7

SOLUTION
Figure 10.27 shows that the length, width, and diagonal of the screen form
a right triangle. The diagonal is the hypotenuse of the triangle. We use the
Pythagorean Theorem with a = 28, b = 15.7, and solve for the screen size, c.
c 2 = a 2 + b2

This is the symbolic statement of the
Pythagorean Theorem.

c 2 = 28 2 + 15.72
c 2 = 784 + 246.49

Let a = 28 and b = 15.7.

c 2 = 1030.49
c = 21030.49

Add.

c ≈ 32

Use a calculator and round to the nearest inch.
1030.49  1   =  or  1  1030.49  ENTER 

		

		

		

		

282 = 28 # 28 = 784 and
15.72 = 15.7 # 15.7 = 246.49
Solve for c by taking the
positive square root of 1030.49.

The screen size of the HDTV is 32 inches.

M10A_BLIT3713_07_SE_C10A_615-656.indd 630

22/11/17 2:25 pm

SECTIO N 10. 2  Triangles

631

GREAT QUESTION!
25.6 in.

19.2 in.

Why did you include a decimal like 15.7 in the screen math example? Squaring 15.7 is
awkward. Why not just use 16 inches for the width of the screen?
We wanted to use the actual dimensions for a 32-inch HDTV screen. In the Check Point
that follows, we use the exact dimensions of an “old” TV screen (prior to HDTV).
A calculator is helpful in squaring each of these dimensions.

c

CHECK POINT 6 Figure 10.28 shows the dimensions of an old TV screen. What
is the size of the screen?

FIGURE 10 . 28

Blitzer Bonus
Screen Math
That new 32-inch HDTV you want: How much larger than your old 32-incher is it? Actually, based on Example 6 and Check
Point 6, it’s smaller! Figure 10.29 compares the screen area of the old 32-inch TV in Check Point 6 with the 32-inch HDTV in
Example 6.
Old 32-Inch Screen

HDTV 32-Inch Screen

25.6 in.
28 in.

19.2 in.

#NVJQWIJYGYQPoVDG
FKUEWUUKPICTGCWPVKN
5GEVKQP[QW
CTGRTQDCDN[HCOKNKCT
YKVJVJGHQTOWNCHQT
VJGCTGCQHCTGEVCPING

15.7 in.

Area = length ∙ width

Area = length ∙ width

= 25.6 ∙ 19.2

= 28 ∙ 15.7

= 491.52 square inches

= 439.6 square inches

F I GURE 10. 29

To make sure your HDTV has the same screen area as your old TV, it needs to have a diagonal measure, or screen size,
that is 6% larger. Equivalently, take the screen size of the old TV and multiply by 1.06. If you have a 32-inch regular TV, this
means the HDTV needs a 34-inch screen 132 * 1.06 = 33.92 ≈ 342 if you don’t want your new TV picture to be smaller than
the old one.

EXAMPLE 7

Using the Pythagorean Theorem

a. A wheelchair ramp with a length of 122 inches has a horizontal distance
of 120 inches. What is the ramp’s vertical distance?
b. Construction laws are very specific when it comes to access ramps for
the disabled. Every vertical rise of 1 inch requires a horizontal run of
12 inches. Does this ramp satisfy the requirement?
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SOLUTION
a. The problem’s conditions state that the wheelchair ramp has a length of
122 inches and a horizontal distance of 120 inches. Figure 10.30 shows
the right triangle that is formed by the ramp, the wall, and the ground.
We can find x, the ramp’s vertical distance, using the Pythagorean
Theorem.
NGI



RNWU

x2



GSWCNU

1202

=

NGI

+

J[RQVGPWUG



1222

x 2 + 1202 = 1222

This is the equation resulting from the
				Pythagorean Theorem.
x

x 2 + 14,400 = 14,884
x 2 = 484

122 in.
120 in.

Square 120 and 122.

Isolate x 2 by subtracting 14,400 from
				both sides.

x = 2484 = 22

FIGURE 10 .30

				

Solve for x by taking the positive square
root of 484.

The ramp’s vertical distance is 22 inches.
b. Every vertical rise of 1 inch requires a horizontal run of 12 inches.
Because the ramp has a vertical distance of 22 inches, it requires a
horizontal distance of 22(12) inches, or 264 inches. The horizontal
distance is only 120 inches, so this ramp does not satisfy construction
laws for access ramps for the disabled.

CHECK POINT 7 A radio tower is supported by two wires that are each
130 yards long and attached to the ground 50 yards from the base of the tower.
How far from the ground are the wires attached to the tower?

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The sum of the measures of the three angles of any triangle is
_______.
2. A triangle in which each angle measures less than 90° is
called a/an ________ triangle.
3. A triangle in which one angle measures more than 90° is
called a/an _________ triangle.
4. A triangle with exactly two sides of the same length is called
a/an __________ triangle.
5. A triangle whose sides are all the same length is called a/an
____________ triangle.
6. A triangle that has no sides of the same length is called a/an
_________ triangle.
7. Triangles that have the same shape, but not necessarily the
same size, are called _________ triangles. For such triangles,
corresponding angles have ___________________ and the
lengths of the corresponding sides are ______________.
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8. The Pythagorean Theorem states that in any _______ triangle,
the sum of the squares of the lengths of the ______ equals
____________________________________.
In Exercises 9–13, determine whether each statement is true or false.
If the statement is false, make the necessary change(s) to produce a
true statement.
9. Euclid’s assumption about parallel lines states that given a
line and a point not on the line, one and only one line can
be drawn through the given point parallel to the given line.
_______
10. A triangle cannot have both a right angle and an obtuse
angle. _______
11. Each angle of an isosceles triangle measures 60°. _______
12. If the measures of two angles of one triangle are equal
to those of two angles of a second triangle, then the two
triangles have same size and shape. _______
13. In any triangle, the sum of the squares of the lengths of
the two shorter sides equals the square of the length of the
longest side. ______
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Exercise Set 10.2
Practice Exercises
In Exercises 1–4, find the measure of angle A for the triangle shown.
1.

2. B

B

48°

C

59°

In Exercises 9–10, lines l and m are parallel. Find the measure of
each numbered angle.
9.

46°
3
55°

A

67°
C

2

1

l

5

4

A

3.

4. B

C

55°

120°

C

9

7

10
58°

A

6

10.

B
A

1
4

In Exercises 5–6, find the measures of angles 1 through 5 in the
figure shown.
5.

135°
7

2

3
4

6.

l

65°

9

8

10

m

In Exercises 11–16, explain why the triangles are similar. Then find
the missing length, x.
11.
18 in.

105°

5

4

x
12 in.

1

We have seen that isosceles triangles have two sides of equal
length. The angles opposite these sides have the same measure.
In Exercises 7–8, use this information to help find the measure of
each numbered angle.
7.

12.

18 in.
12 in.
x

10 in.

15 in.

12 in.

13.

5 in.
10 m

1

9 in.

24 in.

50°

3

10 in.

2

3

130°

5

3

1
40°

5 in.

2

6

80°
5

m

8

2

30 m

8m

4
x

5

8.
18 m
3
4 cm

14.
4 cm
115°

4
5

2

5 in.

4 in.

1
x
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Practice Plus

15.
12 in.

Two triangles are congruent if they have the same shape and the
same size. In congruent triangles, the measures of corresponding
angles are equal and the corresponding sides have the same length.
The following triangles are congruent:

20 in.
15 in.
x

A

D
5 in.

3 in.

16.

7.5 ft

4 ft

B
x

5 ft

E

15
C

17. CA

3

A

19. DA

C

A

2.

15 m
c

7m

F

D

C

A

3.

E

SAS

B

21.

22.

F

Side-Angle-Side (SAS)
If the lengths of two sides of one triangle equal the
lengths of the corresponding sides of a second triangle
and the measures of the angles between each pair of
sides are equal, then the two triangles are congruent.

In Exercises 21–26, use the Pythagorean Theorem to find the
missing length in each right triangle. Use your calculator to find
square roots, rounding, if necessary, to the nearest tenth.
c

SSS

B

20. In the diagram for Exercises 17–19, suppose that you are
not told that ∆ABC and ∆ADE are similar. Instead, you are
QT
QT
given that ED and CB are parallel. Under these conditions,
explain why the triangles must be similar.

8m

6 in.

Side-Side-Side (SSS)
If the lengths of three sides of one triangle equal the
lengths of the corresponding sides of a second triangle,
then the two triangles are congruent.

3
B

18. DB

E

Determining Congruent Triangles
1.

D

C

Any one of the following may be used to determine if two triangles
are congruent.

In Exercises 17–19, ∆ABC and ∆ADE are similar. Find the length
of the indicated side.

9

6 in.

5 in.

3 in.

E

F

D

Angle-Side-Angle (ASA)
If the measures of two angles of one triangle equal the
measures of two angles of a second triangle and the
lengths of the sides between each pair of angles are
equal, then the two triangles are congruent.
ASA

B

E

24 m

23.

c

5 in.

D

F

In Exercises 27–36, determine whether ΔI and ΔII are congruent.
If the triangles are congruent, state the reason why, selecting from
SSS, SAS, or ASA. (More than one reason may be possible.)

36 m

24.

C

A

c

15 m

27.
II

11 in.

25.

16 cm
a

I

28.

20 cm
a

26.
13 ft

5 ft
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Application Exercises

29.
I

Use similar triangles to solve Exercises 37–38.

II

37. A person who is 5 feet tall is standing 80 feet from the base
of a tree and the tree casts an 86-foot shadow. The person’s
shadow is 6 feet in length. What is the tree’s height?
30.
I

II

31.
I
II
5 ft

32.

80 ft

38. A tree casts a shadow 12 feet long. At the same time, a
vertical rod 8 feet high casts a shadow that is 6 feet long.
How tall is the tree?

II

I

6 ft

Su

n’s
ra
ys

II

8 ft

6 ft

I

34.
I

x

Su

n’s
ra
ys

33.

12 ft

Use the Pythagorean Theorem to solve Exercises 39–46. Use
your calculator to find square roots, rounding, if necessary, to the
nearest tenth.

II

39. A baseball diamond is actually a square with 90-foot sides.
What is the distance from home plate to second
base?
35.

A

B
I
ABKU
RCTCNNGN
II

C

2nd base

VQCD
D

90 ft
3rd base

90 ft
x
1st base

36.
Home plate
I
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40. The base of a 20-foot ladder is 15 feet from the house. How
far up the house does the ladder reach?

Students were asked to select the correct answer from the
following options:
		 3 meters; 4 meters; 3.3 meters; 7.8 meters.
a. Among the available choices, which option best
expresses the ramp’s height? How many feet, to the
nearest tenth of a foot, is this? Does a bike competition
that requires riders to jump off these heights seem
realistic? (ouch!)

20 ft

x

15 ft

41. A flagpole has a height of 16 yards. It will be supported by
three cables, each of which is attached to the flagpole at
a point 4 yards below the top of the pole and attached to
the ground at a point that is 9 yards from the base of the
pole. Find the total number of yards of cable that will be
required.
42. A flagpole has a height of 10 yards. It will be supported by
three cables, each of which is attached to the flagpole at
a point 4 yards below the top of the pole and attached to
the ground at a point that is 8 yards from the base of the
pole. Find the total number of yards of cable that will be
required.
43. A rectangular garden bed measures 5 feet by 12 feet.
A water faucet is located at one corner of the garden bed. A
hose will be connected to the water faucet. The hose must
be long enough to reach the opposite corner of the garden
bed when stretched straight. Find the required length of
hose.
44. A rocket ascends vertically after being launched from a
location that is midway between two ground-based tracking
stations. When the rocket reaches an altitude of 4 kilometers,
it is 5 kilometers from each of the tracking stations.
Assuming that this is a locale where the terrain is flat, how
far apart are the two tracking stations?
45. If construction costs are $150,000 per kilometer, find the cost
of building the new road in the figure shown.

new road

b. Express the ramp’s height to the nearest hundredth of a
meter. By how many centimeters does this differ from the
“correct” answer on the test? How many inches, to the
nearest half inch, is this? Is it likely that a carpenter with a
tape measure would make this error?
c. According to the problem, Alex has boards that measure
5 meters and 6 meters. A 6-meter board? How many feet,
to the nearest tenth of a foot, is this? When was the last
time you found a board of this length at Home Depot?
(Source: The New York Times, April 24, 2005)

Explaining the Concepts
47. If the measures of two angles of a triangle are known,
explain how to find the measure of the third angle.
48. Can a triangle contain two right angles? Explain your answer.
49. What general assumption did Euclid make about a point
and a line in order to prove that the sum of the measures of
the angles of a triangle is 180°?
50. What are similar triangles?
51. If the ratio of the corresponding sides of two similar triangles
is 1 to 1 1 11 2 , what must be true about the triangles?
52. What are corresponding angles in similar triangles?

53. Describe how to identify the corresponding sides in similar
triangles.
54. In your own words, state the Pythagorean Theorem.

55. In the 1939 movie The Wizard of Oz, upon being presented
with a Th.D. (Doctor of Thinkology), the Scarecrow proudly
exclaims, “The sum of the square roots of any two sides of an
isosceles triangle is equal to the square root of the remaining
side.” Did the Scarecrow get the Pythagorean Theorem right?
In particular, describe four errors in the Scarecrow’s statement.

3000 m

4000 m

46. Picky, Picky, Picky This problem appeared on a high school
exit exam:
		 Alex is building a ramp for a bike competition. He has two
rectangular boards. One board is six meters and the other
is five meters long. If the ramp has to form a right triangle,
what should its height be?
C
6m

B
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Critical Thinking Exercises
Make Sense?
In Exercises 56–59, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

61. What is the length of AB in the accompanying figure?

13 ft

56. I’m fencing off a triangular plot of land that has two right
angles.
57. Triangle I is equilateral, as is triangle II, so the triangles are
similar.
58. Triangle I is a right triangle, as is triangle II, so the triangles
are similar.
59. If I am given the lengths of two sides of a triangle, I can use
the Pythagorean Theorem to find the length of the third
side.

A

12 ft

20 ft

B

62. Use a quadratic equation to solve this problem. The width of
a rectangular carpet is 7 meters shorter than the length, and
the diagonal is 1 meter longer than the length. What are the
carpet’s dimensions?

60. Find the measure of angle R.

P

T

S

70°

30°

60°

50°

10.3
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

Q

?°

R

Polygons, Perimeter, and Tessellations
YOU HAVE JUST PURCHASED A BEAUTIFUL PLOT OF LAND IN THE COUNTRY, SHOWN IN
Figure 10.31. In order to have more privacy, you decide to put fencing along each
of its four sides. The cost of this project depends on the distance around the four
outside edges of the plot, called its perimeter, as well as the cost for each foot of
fencing.

1 Name certain polygons

according to the number of
sides.

2 Recognize the characteristics of
certain quadrilaterals.

3 Solve problems involving a

28 yd

polygon’s perimeter.

4 Find the sum of the measures
of a polygon’s angles.

5 Understand tessellations and
their angle requirements.

1

Name certain polygons according
to the number of sides.
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Your plot of land is a geometric figure: It has four straight sides that are
line segments. The plot is on level ground, so that the four sides all lie on a flat
surface, or plane. The plot is an example of a polygon. Any closed shape in the
plane formed by three or more line segments that intersect only at their endpoints
is a polygon.
A polygon is named according to the number of sides it has. We know that
a three-sided polygon is called a triangle. A four-sided polygon is called a
quadrilateral.
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A polygon whose sides are all the same length and whose angles all have the
same measure is called a regular polygon. Table 10.2 provides the names of six
polygons. Also shown are illustrations of regular polygons.
T A B L E 1 0 . 2 Illustrations of Regular Polygons

Name

2

Recognize the characteristics of
certain quadrilaterals.

Blitzer Bonus
Bees and Regular
Hexagons

Picture

Name

Triangle
3 sides

Hexagon
6 sides

Quadrilateral
4 sides

Heptagon
7 sides

Pentagon
5 sides

Octagon
8 sides

Picture

Quadrilaterals
The plot of land in Figure 10.31 on the previous page is a four-sided polygon, or a
quadrilateral. However, when you first looked at the figure, perhaps you thought of
the plot as a rectangular field. A rectangle is a special kind of quadrilateral in which
both pairs of opposite sides are parallel, have the same measure, and whose angles are
right angles. Table 10.3 presents some special quadrilaterals and their characteristics.
T A B L E 1 0 . 3 Types of Quadrilaterals

Bees use honeycombs to store
honey and house larvae. They
construct honey storage cells
from wax. Each cell has the
shape of a regular hexagon.
The cells fit together perfectly,
preventing dirt or predators
from entering. Squares or
equilateral triangles would
fit equally well, but regular
hexagons provide the largest
storage space for the amount of
wax used.

3

Solve problems involving a
polygon’s perimeter.

Name

Characteristics

Parallelogram

Quadrilateral in which both pairs of
opposite sides are parallel and have the
same measure. Opposite angles have the
same measure.

Rhombus

Parallelogram with all sides having equal
length.

Rectangle

Parallelogram with four right angles.
Because a rectangle is a parallelogram,
opposite sides are parallel and have the
same measure.

Square

A rectangle with all sides having equal
length. Each angle measures 90°, and the
square is a regular quadrilateral.

Trapezoid

A quadrilateral with exactly one pair of
parallel sides.

Representation

Perimeter

l

The perimeter, P, of a polygon is the sum of the lengths
of its sides. Perimeter is measured in linear units, such as
inches, feet, yards, meters, or kilometers.
Example 1 involves the perimeter of a rectangle.
Because perimeter is the sum of the lengths of the sides,
the perimeter of the rectangle shown in Figure 10.32 is
l + w + l + w. This can be expressed as

w

w
l

FI G U R E 1 0 .3 2
A rectangle with length l and
width w

P = 2l + 2w.
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EXAMPLE 1
28 yd

639

An Application of Perimeter

The rectangular field we discussed at the beginning of this section (see
Figure 10.31) has a length of 42 yards and a width of 28 yards. If fencing costs
$5.25 per foot, find the cost to enclose the field with fencing.

SOLUTION
42 yd
FIGURE 10 . 31 (repeated)

We begin by finding the perimeter of the rectangle in yards. Using 3 ft = 1 yd
and dimensional analysis, we express the perimeter in feet. Finally, we multiply
the perimeter, in feet, by $5.25 because the fencing costs $5.25 per foot.
The length, l, is 42 yards and the width, w, is 28 yards. The perimeter of the
rectangle is determined using the formula P = 2l + 2w.
P = 2l + 2w = 2 # 42 yd + 2 # 28 yd = 84 yd + 56 yd = 140 yd

ft
Because 3 ft = 1 yd, we use the unit fraction 13 yd
to convert from yards to feet.

140 yd =

140 yd
1

#

3 ft
= 140 # 3 ft = 420 ft
1 yd

The perimeter of the rectangle is 420 feet. Now we are ready to find the cost of
the fencing. We multiply 420 feet by $5.25, the cost per foot.
Cost =

420 feet # $5.25
= 420($5.25) = $2205
1
foot

The cost to enclose the field with fencing is $2205.

CHECK POINT 1 A rectangular field has a length of 50 yards and a width of
30 yards. If fencing costs $6.50 per foot, find the cost to enclose the field with
fencing.

4

Find the sum of the measures of
a polygon’s angles.

The Sum of the Measures of a Polygon’s Angles
We know that the sum of the measures of the three angles of any triangle is 180°.
We can use inductive reasoning to find the sum of the measures of the angles of any
polygon. Start by drawing line segments from a single point where two sides meet
so that nonoverlapping triangles are formed. This is done in Figure 10.33.

4 sides
2 triangles
Angle sum: 2(180°) = 360°

5 sides
3 triangles
Angle sum: 3(180°) = 540°

6 sides
4 triangles
Angle sum: 4(180°) = 720°

FI G U R E 1 0 . 3 3

In each case, the number of triangles is two less than the number of sides of
the polygon. Thus, for an n-sided polygon, there are n - 2 triangles. Because each
triangle has an angle-measure sum of 180°, the sum of the measures for the angles
in the n - 2 triangles is (n - 2)180°. Thus, the sum of the measures of the angles of
an n-sided polygon is (n - 2)180°.
THE ANGLES OF A POLYGON
The sum of the measures of the angles of a polygon with n sides is
(n - 2)180°.
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EXAMPLE 2

Using the Formula for the Angles of a Polygon

a. Find the sum of the measures of the angles of an octagon.
b. Figure 10.34 shows a regular octagon. Find the measure of angle A.
c. Find the measure of exterior angle B.

SOLUTION
A

B

FIGURE 10 .34 A regular octagon

a. An octagon has eight sides. Using the formula (n - 2)180° with n = 8,
we can find the sum of the measures of its eight angles.
The sum of the measures of an octagon’s angles is
(n - 2)180°
= (8 - 2)180°
= 6 # 180°
= 1080°.
b. Examine the regular octagon in Figure 10.34. Note that all eight
sides have the same length. Likewise, all eight angles have the same
degree measure. Angle A is one of these eight angles. We find its
measure by taking the sum of the measures of all eight angles, 1080°, and
dividing by 8.
m∡A =

1080°
= 135°
8

c. Because ∡ B is the supplement of ∡ A,
m∡B = 180° - 135° = 45°.

CHECK POINT 2
a. Find the sum of the measures of the angles of a 12-sided polygon.
b. Find the measure of an angle of a regular 12-sided polygon.

5

Understand tessellations and
their angle requirements.

Tessellations
A relationship between geometry and the visual arts is found in an art form called
tessellations. A tessellation, or tiling, is a pattern consisting of the repeated use of
the same geometric figures to completely cover a plane, leaving no gaps and no
overlaps. Figure 10.35 shows eight tessellations, each consisting of the repeated use
of two or more regular polygons.

F I GURE 10. 35 Eight tessellations formed by two or more regular polygons
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Square
Regular
octagon

Square
Regular
octagon

In each tessellation in Figure 10.35, the same types of regular polygons surround
every vertex (intersection point). Furthermore, the sum of the measures of the
angles that come together at each vertex is 360°, a requirement for the formation
of a tessellation. This is illustrated in the enlarged version of the tessellation in
Figure 10.36. If you select any vertex and count the sides of the polygons that touch
it, you’ll see that vertices are surrounded by two regular octagons and a square. Can
you see why the sum of the angle measures at every vertex is 360°?
135° + 135° + 90° = 360°

8GTVGZ
90°

135°

641

+P'ZCORNGYGHQWPF
VJCVGCEJCPINGQHCTGIWNCT
QEVCIQPOGCUWTGU°

135°

'CEJCPINGQHCUSWCTG
OGCUWTGU°

The most restrictive condition in creating tessellations is that just one type of
regular polygon may be used. With this restriction, there are only three possible
tessellations, made from equilateral triangles or squares or regular hexagons, as
shown in Figure 10.37.

FIGURE 10 . 36

FIGURE 10 . 37 The three tessellations
formed using one regular polygon

Each tessellation is possible because the angle sum at every vertex is 360°:
5KZGSWKNCVGTCN
VTKCPINGUCVGCEJXGTVGZ

60° + 60° + 60° + 60° + 60° + 60° = 360°

(QWTUSWCTGU
CVGCEJXGTVGZ

90° + 90° + 90° + 90° = 360°

6JTGGTGIWNCT
JGZCIQPUCVGCEJXGTVGZ
'CEJCPINGOGCUWTGU

EXAMPLE 3

120° + 120° + 120° = 360°.
n- °
- °
=
= °
n


Angle Requirements of Tessellations

Explain why a tessellation cannot be created using only regular pentagons.

SOLUTION
Let’s begin by applying (n - 2)180° to find the measure of each angle of a
regular pentagon. Each angle measures
108°
108°
A 36° gap
108°

FIG UR E 1 0. 38

(5 - 2)180°
3(180°)
=
= 108°.
5
5
A requirement for the formation of a tessellation is that the measures of the
angles that come together at each vertex is 360°. With each angle of a regular
pentagon measuring 108°, Figure 10.38 shows that three regular pentagons fill
in 3 # 108° = 324° and leave a 360° - 324°, or a 36°, gap. Because the 360° angle
requirement cannot be met, no tessellation by regular pentagons is possible.

CHECK POINT 3 Explain why a tessellation cannot be created using only

regular octagons.
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“The regular division of the
plane into congruent figures
evoking an association in
the observer with a familiar
natural object is one of these
hobbies or problems c
I have embarked on this
geometric problem again and
again over the years, trying
to throw light on different
aspects each time. I cannot
imagine what my life would be
like if this problem had never
occurred to me; one might say
that I am head over heels in
love with it, and I still don’t
know why.”

Tessellations that are not restricted to
the repeated use of regular polygons are
endless in number. They are prominent
in Islamic art, Italian mosaics, quilts, and
ceramics. The Dutch artist M. C. Escher
(1898–1972) created a dazzling array
of prints, drawings, and paintings using
tessellations
composed
of
stylized
interlocking animals. Escher’s art reflects
the mathematics that underlies all things,
while creating surreal manipulations of
space and perspective that make gentle fun
of consensus reality.
Symmetry Drawing E85 (1952). M.C. Escher’s
“Symmetry Drawing E85” © 2017 The M.C. Escher
Company-The Netherlands. All rights reserved.
www.mcescher.com

—M. C. Escher

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The distance around the sides of a polygon is called its
____________.
2. A four-sided polygon is a/an _______________, a five-sided
polygon is a/an ___________, a six-sided polygon is a/an
__________, a seven-sided polygon is a/an ___________, and an
eight-sided polygon is a/an __________.

9. The perimeter, P, of a rectangle with length l and width w is
given by the formula ______________.
10. The sum of the measures of the angles of a polygon with
n sides is ______________.
11. A pattern consisting of the repeated use of the same
geometric figures to completely cover a plane, leaving no
gaps and no overlaps, is called a/an _____________.

3. A polygon whose sides are all the same length and whose
angles all have the same measure is called a/an _________
polygon.

In Exercises 12–18, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.

4. Opposite sides of a parallelogram are __________________ and
__________.

12. Every parallelogram is a rhombus. _______

5. A parallelogram with all sides of equal length without any
right angles is called a/an ___________.

14. All squares are rectangles. _______

6. A parallelogram with four right angles without all sides of
equal length is called a/an ___________.
7. A parallelogram with four right angles and all sides of equal
length is called a/an _________.
8. A four-sided figure with exactly one pair of parallel sides is
called a/an ___________.

13. Every rhombus is a parallelogram. _______
15. Some rectangles are not squares. _______
16. No triangles are polygons. _______
17. Every rhombus is a regular polygon. _______
18. A requirement for the formation of a tessellation is that the
sum of the measures of the angles that come together at each
vertex is 360°. _______

Exercise Set 10.3
Practice Exercises
In Exercises 1–4, use the number of sides to name the polygon.
1.
2.
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17. Triangle

Use these quadrilaterals to solve Exercises 5–10.
a.
b.

643

18. Triangle

9 ft

7 ft

16 yd
10 yd

c.

11 ft

d.

8.5 yd

19. Equilateral triangle

20. Regular hexagon
4 mm

e.

6 yd

5. Which of these quadrilaterals have opposite sides that are
parallel? Name these quadrilaterals.
6. Which of these quadrilaterals have sides of equal length that
meet at a vertex? Name these quadrilaterals.

In Exercises 21–24, find the perimeter of the figure shown. Express
the perimeter using the same unit of measure that appears on the
given side or sides.
9 yd

21.
9 yd
12 yd

7. Which of these quadrilaterals have right angles? Name these
quadrilaterals.

21 yd

8. Which of these quadrilaterals do not have four sides of equal
length? Name these quadrilaterals.

12 yd

9. Which of these quadrilaterals is not a parallelogram? Name
this quadrilateral.
10. Which of these quadrilaterals is/are a regular polygon?
Name this/these quadrilateral(s).

21 yd
5 in.

22.

In Exercises 11–20, find the perimeter of the figure named and
shown. Express the perimeter using the same unit of measure that
appears on the given side or sides.

13 in.
17 in.
9 in.

11. Rectangle
12 cm
3 cm

4 in.
14 in.

3 cm

23.

12 cm

3 ft
3 ft

12. Parallelogram
14 cm

6 ft
4 ft

9 cm

9 cm

24.

10 m

14 cm

14. Rectangle

13. Rectangle

8m

7 in.
6 yd

3m
18 in.

25. Find the sum of the measures of the angles of a five-sided
polygon.

8 yd

16. Square

15. Square

3.5 m
250 in.

5m

26. Find the sum of the measures of the angles of a six-sided
polygon.
27. Find the sum of the measures of the angles of a
quadrilateral.
28. Find the sum of the measures of the angles of a
heptagon.

M10A_BLIT3713_07_SE_C10A_615-656.indd 643

22/11/17 2:25 pm

644 C HA P TE R 10  Geometry
In Exercises 29–30, each figure shows a regular polygon. Find the
measures of angle A and angle B.

37. Can a tessellation be created using only regular nine-sided
polygons? Explain your answer.

29.

38. Can a tessellation be created using only regular ten-sided
polygons? Explain your answer.

30.

Practice Plus

B A

B A

In Exercises 31–32, a. Find the sum of the measures of the angles
for the figure given; b. Find the measures of angle A and angle B.
31.

150°

32.

A B

70°
B

A

42°

In Exercises 33–36, tessellations formed by two or more regular
polygons are shown.
a. Name the types of regular polygons that surround each
vertex.
b. Determine the number of angles that come together at
each vertex, as well as the measures of these angles.
c. Use the angle measures from part (b) to explain why the
tessellation is possible.
33.

In Exercises 39–42, use an algebraic equation to determine each
rectangle’s dimensions.
39. A rectangular field is four times as long as it is wide. If
the perimeter of the field is 500 yards, what are the field’s
dimensions?
40. A rectangular field is five times as long as it is wide. If
the perimeter of the field is 288 yards, what are the field’s
dimensions?
41. An American football field is a rectangle with a perimeter
of 1040 feet. The length is 200 feet more than the width. Find
the width and length of the rectangular field.
42. A basketball court is a rectangle with a perimeter of
86 meters. The length is 13 meters more than the width. Find
the width and length of the basketball court.
In Exercises 43–44, use algebraic equations to find the measure of
each angle that is represented in terms of x.
43.

44.
6x - 12°

130°
x + 5°

x + 5°

x

5x + 8°

x

3x + 48° 4x + 28°

120°

34.

108°

In the figure shown, the artist has cunningly distorted the “regular”
polygons to create a fraudulent tessellation with discrepancies that
are too subtle for the eye to notice. In Exercises 45–46, you will use
mathematics, not your eyes, to observe the irregularities.
35.
B

A

36.

45. Find the sum of the angle measures at vertex A. Then
explain why the tessellation is a fake.
46. Find the sum of the angle measures at vertex B. Then explain
why the tessellation is a fake.
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Application Exercises
47. A school playground is in the shape of a rectangle 400 feet
long and 200 feet wide. If fencing costs $14 per yard, what
will it cost to place fencing around the playground?
48. A rectangular field is 70 feet long and 30 feet wide. If
fencing costs $8 per yard, how much will it cost to enclose
the field?
In Exercises 49–50, refer to the appropriate English and metric
equivalent in Table 9.3 on page 587.
49. A protected wilderness area in the shape of a rectangle is
4 kilometers long and 3.2 kilometers wide. The forest is to be
surrounded by a hiking trail that will cost $11,000 per mile
to construct. What will it cost to install the trail?

61. I find it helpful to think of a polygon’s perimeter as the
length of its boundary.
62. If a polygon is not regular, I can determine the sum of the
measures of its angles, but not the measure of any one of its
angles.
63. I used floor tiles in the shape of regular pentagons to
completely cover my kitchen floor.
In Exercises 64–65, write an algebraic expression that represents
the perimeter of the figure shown.
64.

a
b

c

50. A rectangular field is 27 meters long and 18 meters wide. If
fencing costs $12 per yard, how much will it cost to enclose
the field?
51. One side of a square flower bed is 8 feet long. How many
plants are needed if they are to be spaced 8 inches apart
around the outside of the bed?
52. What will it cost to place baseboard around the region
shown if the baseboard costs $0.25 per foot? No baseboard
is needed for the 2-foot doorway.

645

d

65.
a

10 ft
'SWKNCVGTCN
VTKCPING

'SWKNCVGTCN
VTKCPING

5SWCTG

5 ft
DOOR
2 ft

2 ft

66. Find m∡1 in the figure shown.

15 ft

63°
140°

Explaining the Concepts

97°

53. What is a polygon?
54. Explain why rectangles
parallelograms.

and

rhombuses

are

1

also

135°

55. Explain why every square is a rectangle, a rhombus, a
parallelogram, a quadrilateral, and a polygon.
56. Explain why a square is a regular polygon, but a rhombus
is not.
57. Using words only, describe how to find the perimeter of a
rectangle.
58. Describe a practical situation in which you needed to apply
the concept of a geometric figure’s perimeter.
59. Describe how to find the measure of an angle of a regular
pentagon.

Critical Thinking Exercises
Make Sense? In Exercises 60–63, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

Group Exercise
67. Group members should consult sites on the Internet
devoted to tessellations, or tilings, and present a report
that expands upon the information in this section. Include
a discussion of cultures that have used tessellations on
fabrics, wall coverings, baskets, rugs, and pottery, with
examples. Include the Alhambra, a fourteenth-century
palace in Granada, Spain, in the presentation, as well
as works by the artist M. C. Escher. Discuss the various
symmetries (translations, rotations, reflections) associated
with tessellations. Demonstrate how to create unique
tessellations, including Escher-type patterns. Other than
creating beautiful works of art, are there any practical
applications of tessellations?

60. I drew a polygon having two sides that intersect at their
midpoints.
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10.4
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Use area formulas to compute

the areas of plane regions and
solve applied problems.

2 Use formulas for a circle’s

Area and Circumference
The size of a house is described in square feet. But
how do you know from the real estate ad whether
the 1200-square-foot home with the backyard
pool is large enough to warrant a visit?
Faced with hundreds of ads, you need
some way to sort out the best bets.
What does 1200 square feet mean and
how is this area determined? In this
section, we discuss how to compute the
areas of plane regions.

circumference and area.

1

Use area formulas to compute
the areas of plane regions and
solve applied problems.

Square unit
of measure

Formulas for Area
In Section 9.2, we saw that the area of a two-dimensional figure is the number of
square units, such as square inches or square miles, it takes to fill the interior of the
figure. For example, Figure 10.39 shows that there are 12 square units contained
within the rectangular region. The area of the region is 12 square units. Notice that
the area can be determined in the following manner:
&KUVCPEGCETQUU

&KUVCPEGFQYP

4 units × 3 units = 4 × 3 × units × units
= 12 square units.

FIG UR E 1 0.3 9 The area of the region
on the left is 12 square units.

The area of a rectangular region, usually referred to as the area of a rectangle, is the
product of the distance across (length) and the distance down (width).

AREA OF A RECTANGLE AND A SQUARE
The area, A, of a rectangle with length l and width w is given by the formula
A = lw.

w

The area, A, of a square with one side
measuring s linear units is given by the formula

A = lw

l

A = s 2.
s

EXAMPLE 1

A = s2

Solving an Area Problem

You decide to cover the path shown in
Figure 10.40 with bricks.

3 ft

a. Find the area of the path.

13 ft

b. If the path requires four bricks
for every square foot, how many
bricks are needed for the project?

6 ft

3 ft
FI G U R E 1 0 . 4 0
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SOLUTION

13 ft
3 ft

#TGCQHII
lw
HV∙HV
HV

Rectangle II

6 ft

6 ft

6QVCNNGPIVJ
=HV+HV
=HV

3 ft

Because we have a formula for the area of a rectangle, we
begin by drawing a dashed line that divides the path into
two rectangles. One way of doing this is shown at the left.
We then use the length and width of each rectangle to find
its area. The computations for area are shown in the green
and blue voice balloons.
The area of the path is found by adding the areas of the
two rectangles.
Area of path = 39 ft2 + 27 ft2 = 66 ft2

Blitzer Bonus
Appraising a House
A house is measured by an
appraiser hired by a bank
to help establish its value.
The appraiser works from
the outside, measuring off a
rectangle. Then the appraiser
adds the living spaces that
lie outside the rectangle and
subtracts the empty areas
inside the rectangle. The final
figure, in square feet, includes
all the finished floor space in
the house. Not included are the
garage, outside porches, decks,
or an unfinished basement.
A 1000-square-foot house
is considered small, one with
2000 square feet average, and
one with more than 2500 square
feet pleasantly large. If a
1200-square-foot house has
three bedrooms, the individual
rooms might seem snug and
cozy. With only one bedroom,
the space may feel palatial!

Average Size (square feet)

a.

3 ft

Rectangle I

#TGCQHI
lw
HV∙HV
HV

647

Average Size of New
U.S. Single-Family Homes
2467
2500
2266
2080
2000
1740

b. The path requires 4 bricks per square foot. The number of bricks needed
for the project is the number of square feet in the path, its area, times 4.
Number of bricks needed = 66 ft 2

# 4 bricks
2
ft

= 66 # 4 bricks = 264 bricks

Thus, 264 bricks are needed for the project.

CHECK POINT 1 Find the area
of the path described in Example 1, 3 ft
rendered on the right as a green
region, by first measuring off a
large rectangle as shown. The area
of the path is the area of the large
rectangle (the blue and green
regions combined) minus the area
of the blue rectangle. Do you get
the same answer as we did in Example 1(a)?

13 ft
6 ft

3 ft

In Section 9.2, we saw that although there are 3 linear feet in a linear yard, there
are 9 square feet in a square yard. If a problem requires measurement of area in
square yards and the linear measures are given in feet, to avoid errors, first convert
feet to yards. Then apply the area formula. This idea is illustrated in Example 2.

EXAMPLE 2

Solving an Area Problem

What will it cost to carpet a rectangular floor measuring 12 feet by 15 feet if
the carpet costs $18.50 per square yard?

SOLUTION
We begin by converting the linear measures from feet to yards.

1500
1000

12 ft =

12 ft # 1 yd
12
=
yd = 4 yd
1
3 ft
3

15 ft =

15 ft # 1 yd
15
=
yd = 5 yd
1
3 ft
3

500

1980

1990 2000
Year

Source: U.S. Census Bureau
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Next, we find the area of the rectangular floor in square yards.
A = lw = 5 yd # 4 yd = 20 yd2
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Finally, we find the cost of the carpet by multiplying the cost per square yard,
$18.50, by the number of square yards in the floor, 20.
Cost of carpet =

$18.50 # 20 yd2
= $18.50(20) = $370
1
yd 2

It will cost $370 to carpet the floor.

CHECK POINT 2 What will it cost to carpet a rectangular floor measuring
18 feet by 21 feet if the carpet costs $16 per square yard?
We can use the formula for the area of a rectangle to develop formulas for areas
of other polygons. We begin with a parallelogram, a quadrilateral with opposite
sides equal and parallel. The height of a parallelogram is the perpendicular distance
between two of the parallel sides. Height is denoted by h in Figure 10.41. The base,
denoted by b, is the length of either of these parallel sides.

h

h

b

b

FI G U R E 1 0 . 4 1

FI G U R E 1 0 . 4 2

In Figure 10.42, the orange triangular region has been cut off from the right of
the parallelogram and attached to the left. The resulting figure is a rectangle with
length b and width h. Because bh is the area of the rectangle, it also represents the
area of the parallelogram.

GREAT QUESTION!
Is the height of a parallelogram
the length of one of its sides?

AREA OF A PARALLELOGRAM
The area, A, of a parallelogram with height h
and base b is given by the formula

No. The height of a
parallelogram is the
perpendicular distance between
two of the parallel sides. It is
not the length of a side.

A = bh.

EXAMPLE 3

h

b

Using the Formula for a Parallelogram’s Area

Find the area of the parallelogram in Figure 10.43.

SOLUTION

4 cm
8 cm

As shown in the figure, the base is 8 centimeters and the height is 4 centimeters.
Thus, b = 8 and h = 4.
A = bh
A = 8 cm # 4 cm = 32 cm2

FIGURE 10 .43

The area is 32 square centimeters.

CHECK POINT 3 Find the area of a parallelogram with a base of 10 inches and
a height of 6 inches.
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Figure 10.44 demonstrates how we can use the formula for the area of a
parallelogram to obtain a formula for the area of a triangle. The area of the
parallelogram in Figure 10.44(a) is given by A = bh. The diagonal shown in the
parallelogram divides it into two triangles with the same size and shape. This means
that the area of each triangle is one-half that of the parallelogram. Thus, the area of
the triangle in Figure 10.44(b) is given by A = 12 bh.

h
b
(a)
h

AREA OF A TRIANGLE
The area, A, of a triangle with height h and base b
is given by the formula

b
(b)
FIGURE 10 . 44

h

1
A = bh.
2

EXAMPLE 4

b

Using the Formula for a Triangle’s Area

Find the area of each triangle in Figure 10.45.

SOLUTION
14 m

11.8 m

a. In Figure 10.45(a), the base is 16 meters and the height is 10 meters, so
b = 16 and h = 10. We do not need the 11.8 meters or the 14 meters to
find the area. The area of the triangle is

10 m

16 m

A =

(a)

1
1
bh = # 16 m # 10 m = 80 m2.
2
2

The area is 80 square meters.

25.6 in.

9 in.

15 in.
12 in.
(b)

b. In Figure 10.45(b), the base is 12 inches. The base line needs to be
extended to draw the height. However, we still use 12 inches for b in
the area formula. The height, h, is given to be 9 inches. The area of the
triangle is

FIGURE 10 . 45

A =

1
1
bh = # 12 in . # 9 in . = 54 in .2.
2
2

The area of the triangle is 54 square inches.

b

D

CHECK POINT 4 A sailboat has a triangular sail with a base of 12 feet and a
height of 5 feet. Find the area of the sail.

C

h
A

B

E

a

FIGURE 10 . 46
b

D

C

The formula for the area of a triangle can be used to obtain a formula for the
area of a trapezoid. Consider the trapezoid shown in Figure 10.46. The lengths
of the two parallel sides, called the bases, are represented by a (the lower base)
and b (the upper base). The trapezoid’s height, denoted by h, is the perpendicular
distance between the two parallel sides.
In Figure 10.47, we have drawn line segment BD, dividing the trapezoid into
two triangles, shown in yellow and orange. The area of the trapezoid is the sum of
the areas of these triangles.
#TGCQHVTCRG\QKF

h
A

E

h
B
a

FIG UR E 1 0. 47
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A

=

#TGCQH[GNNQY△

RNWU

=

1
ah
2

=

1
h(a + b)
2

+

#TGCQHQTCPIG△

1
bh
2
Factor out

1
h.
2
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AREA OF A TRAPEZOID
The area, A, of a trapezoid with parallel bases a
and b and height h is given by the formula
1
A = h(a + b).
2

EXAMPLE 5
17 ft

13 ft

h
a

Finding the Area of a Trapezoid

Find the area of the trapezoid in Figure 10.48.

32 ft
13.4 ft

b

46 ft
FIGURE 10 .48

SOLUTION
The height, h, is 13 feet. The lower base, a, is 46 feet, and the upper base, b, is
32 feet. We do not use the 17-foot and 13.4-foot sides in finding the trapezoid’s
area.
A =

1
1
h(a + b) = # 13 ft # (46 ft + 32 ft)
2
2
1
= # 13 ft # 78 ft = 507 ft2
2

The area of the trapezoid is 507 square feet.

CHECK POINT 5 Find the area of a trapezoid with bases of length 20 feet and
10 feet and height 7 feet.

2

Use formulas for a circle’s
circumference and area.

The point at which a pebble hits a flat
surface of water becomes the center of
a number of circular ripples.

It’s a good idea to know your way around a circle. Clocks, angles, maps, and
compasses are based on circles. Circles occur everywhere in nature: in ripples on
water, patterns on a butterfly’s wings, and cross sections of trees. Some consider the
circle to be the most pleasing of all shapes.
A circle is a set of points in the plane equally distant from a given point, its
center. Figure 10.49 shows two circles. The radius (plural: radii), r, is a line segment
from the center to any point on the
4CFKWU
circle. For a given circle, all radii have
the same length. The diameter, d, is a
%GPVGT
r
r
line segment through the center whose
endpoints both lie on the circle. For
d
a given circle, all diameters have the
&KCOGVGT
same length. In any circle, the length of
the diameter is twice the length of the
FI G U R E 1 0 . 4 9
radius.
The words radius and diameter refer to both the line segments in Figure 10.49
as well as to their linear measures. The distance around a circle (its perimeter) is
called its circumference, C. For all circles, if you divide the circumference by the
diameter, or by twice the radius, you will get the same number. This ratio is the
irrational number p and is approximately equal to 3.14:
C
= p
d

or

C
= p.
2r

Thus,
C = pd or C = 2pr.
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FINDING THE DISTANCE AROUND A CIRCLE
The circumference, C, of a circle with diameter d and radius r is
C = pd or C = 2pr.
When computing a circle’s circumference by hand, round p to 3.14. When using
a calculator, use the p key, which gives the value of p rounded to approximately
11 decimal places. In either case, calculations involving p give approximate answers.
These answers can vary slightly depending on how p is rounded. The symbol ≈
(is approximately equal to) will be written in these calculations.

EXAMPLE 6

Finding a Circle’s Circumference

Find the circumference of the circle in Figure 10.50.

SOLUTION

40 yd

The diameter is 40 yards, so we use the formula for circumference with d in it.
C = pd = p(40 yd) = 40p yd ≈ 125.7 yd
The distance around the circle is approximately 125.7 yards.

FIGURE 10 . 50

CHECK POINT 6 Find the circumference of a circle whose diameter measures
10 inches. Express the answer in terms of p and then round to the nearest tenth of
an inch.

EXAMPLE 7

Using the Circumference Formula

How much trim, to the nearest tenth of a foot, is needed to go around the
window shown in Figure 10.51?

SOLUTION
The trim covers the 6-foot bottom of the window, the two 8-foot sides, and the
half-circle (called a semicircle) on top. The length needed is
6 ft + 8 ft + 8 ft + circumference of the semicircle.
8 ft

The circumference of the semicircle is half the circumference of a circle whose
diameter is 6 feet.
%KTEWOHGTGPEGQHUGOKEKTENG

FIGURE 10 . 51

1
pd
2
1
= p(6 ft) = 3p ft ≈ 9.4 ft
2

Circumference of semicircle =

6 ft

d = 6 ft

Rounding the circumference to the nearest tenth (9.4 feet), the length of trim
that is needed is approximately
6 ft + 8 ft + 8 ft + 9.4 ft,
or 31.4 feet.

CHECK POINT 7 In Figure 10.51, suppose that the dimensions are 10 feet and
12 feet for the window’s bottom and side, respectively. How much trim, to the
nearest tenth of a foot, is needed to go around the window?
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The irrational number p is also used to find the area of a circle in square units.
This is because the ratio of a circle’s area to the square of its radius is p:
A
= p.
r2
Multiplying both sides of this equation by r 2 gives a formula for determining a
circle’s area.
FINDING THE AREA OF A CIRCLE
The area, A, of a circle with radius r is
A = pr 2.

EXAMPLE 8
TECHNOLOGY
You can use your calculator to
obtain the price per square inch
for each pizza in Example 8.
The price per square inch for
15
the large pizza,
, is
64p
approximated by one of
the following sequences of
keystrokes:
Many Scientific Calculators
15  ,

 (  64  * p )  = 

Many Graphing Calculators
15  ,

 (  64 p )  ENTER 

Problem Solving Using the Formula for a
Circle’s Area

Which one of the following is the better buy: a large pizza with a 16-inch
diameter for $15.00 or a medium pizza with an 8-inch diameter for $7.50?

SOLUTION
The better buy is the pizza with the lower price per square inch. The radius
of the large pizza is 12 # 16 inches, or 8 inches, and the radius of the medium
pizza is 12 # 8 inches, or 4 inches. The area of the surface of each circular pizza is
determined using the formula for the area of a circle.
Large pizza: A = pr 2 = p18 in.2 2 = 64p in.2 ≈ 201 in.2
Medium pizza: A = pr 2 = p14 in.2 2 = 16p in.2 ≈ 50 in.2
For each pizza, the price per square inch is found by dividing the price by the
area:
$15.00
$15.00
$0.07
≈
≈
2
2
64p in.
201 in.
in.2
$7.50
$7.50
$0.15
Price per square inch for medium pizza =
≈
=
16p in.2
50 in.2
in.2
Price per square inch for large pizza =

The large pizza costs approximately $0.07 per square inch and the medium
pizza costs approximately $0.15 per square inch. Thus, the large pizza is the
better buy.

In Example 8, did you at first think that the price per square inch would be
the same for the large and the medium pizzas? After all, the radius of the large
pizza is twice that of the medium pizza, and the cost of the large is twice that of the
medium. However, the large pizza’s area, 64p square inches, is four times the area
of the medium pizza’s, 16p square inches. Doubling the radius of a circle increases
its area by a factor of 22, or 4. In general, if the radius of a circle is increased by
k times its original linear measure, the area is multiplied by k 2. The same principle
is true for any two-dimensional figure: If the shape of the figure is kept the same
while linear dimensions are increased k times, the area of the larger, similar, figure
is k 2 times greater than the area of the original figure.

CHECK POINT 8 Which one of the following is the better buy: a large
pizza with an 18-inch diameter for $20 or a medium pizza with a 14-inch diameter
for $14?
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Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The area, A, of a rectangle with length l and width w is given
by the formula __________.

In Exercises 9–13, determine whether each statement is true or false.
If the statement is false, make the necessary change(s) to produce a
true statement.

2. The area, A, of a square with one side measuring s linear
units is given by the formula _________.

9. The area, A, of a rectangle with length l and width w is given
by the formula A = 2l + 2w. _______

3. The area, A, of a parallelogram with height h and base b is
given by the formula __________.

10. The height of a parallelogram is the perpendicular distance
between two of the parallel sides. _______

4. The area, A, of a triangle with height h and base b is given by
the formula ___________.

11. The area of either triangle formed by drawing a diagonal in a
parallelogram is one-half that of the parallelogram. _______

5. The area, A, of a trapezoid with parallel bases a and b and
height h is given by the formula _________________.

12. In any circle, the length of the radius is twice the length of the
diameter. _______

6. The circumference, C, of a circle with diameter d is given by
the formula __________.

13. The ratio of a circle’s circumference to its diameter is the
irrational number p. _______

7. The circumference, C, of a circle with radius r is given by the
formula ___________.
8. The area, A, of a circle with radius r is given by the formula
___________.

Exercise Set 10.4
Practice Exercises
In Exercises 1–14, use the formulas developed in this section to
find the area of each figure.
2.
1.

4.2 yd

4.6 yd

12.3 yd
9.8 yd

3 ft

3m
6m

10.

4 ft

3.

9.

8.73 yd

3.5 yd

8 yd

4.
3 cm

4 in.

11.

12.

13 in.

10 m

3 cm
4 in.

5.

12 in.

6.

50 cm
44 cm

42 cm

58 ft

46 ft

44 cm

43 ft

8m

46 ft

13.
18 m

58 ft

50 cm

26 m
21.1 m

18 m
37 m

7.

8.
14.

8 in.
14 in.

33 m

30 m
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In Exercises 15–18, find the circumference and area of each circle.
Express answers in terms of p and then round to the nearest tenth.
15.
16.

In Exercises 25–28, find a formula for the total area, A, of each
figure in terms of the variable(s) shown. Where necessary, use p in
the formula.
25.

a

4 cm
b

9m

17.

c

18.
26.

40 ft

+UQUEGNGU
VTKCPING

a

12 yd

b

Find the area of each figure in Exercises 19–24. Where necessary,
express answers in terms of p and then round to the nearest tenth.
20.
19.
4m

27.

5SWCTG

3 ft

4JQODWU

5 ft

5SWCTG

9m

a

b

9 ft

8m
3m
2 ft

21.

13 m

28.

13 m

a

a

15 m
10 m
24 m

22.

a

10 m

6 cm
3 cm

Practice Plus
In Exercises 29–30, find the area of each shaded region.
29.

10 cm

12 cm

9 cm

6 cm

23.
8 cm

8 cm

8 cm

10 cm

30.
5SWCTG
9 in.

24.
15 in.

6 in.
16 in.

9 in.
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In Exercises 31–34, find the area of each shaded region in terms
of p.
31.

32.

2 cm

2 cm

4 cm

33.
8 in.

6 in.

34.

5SWCTG

655

40. A rectangular floor measures 20 feet by 25 feet. What will
it cost to carpet the floor if the carpet costs $28 per square
meter? (Hint: 1 ft ≈ 0.3 m)
41. A rectangular kitchen floor measures 12 feet by 15 feet.
A stove on the floor has a rectangular base measuring 3 feet
by 4 feet, and a refrigerator covers a rectangular area of the
floor measuring 4 feet by 5 feet. How many square feet of
tile will be needed to cover the kitchen floor not counting
the area used by the stove and the refrigerator?
42. A rectangular room measures 12 feet by 15 feet. The entire
room is to be covered with rectangular tiles that measure
3 inches by 2 inches. If the tiles are sold at ten for $1.20, what
will it cost to tile the room?
43. The lot in the figure shown, except for the house, shed, and
driveway, is lawn. One bag of lawn fertilizer costs $25 and
covers 4000 square feet.
60 ft

20 ft
20 ft
Shed

100 ft

200 ft

100 ft

20 ft Drive
House
6 in.

In Exercises 35–36, find the perimeter and the area of each figure.
Where necessary, express answers in terms of p and round to the
nearest tenth.
35.
8 ft

15 ft

6 ft

8 ft

500 ft

a. Determine the minimum number of bags of fertilizer
needed for the lawn.
b. Find the total cost of the fertilizer.
44. Taxpayers with an office in their home may deduct a percentage
of their home-related expenses. This percentage is based on the
ratio of the office’s area to the area of the home. A taxpayer
with an office in a 2200-square-foot home maintains a 20 foot
by 16 foot office. If the yearly utility bills for the home come to
$4800, how much of this is deductible?
45. You are planning to paint the house whose dimensions are
shown in the figure.
10 ft

36.
40 m

40 m
20 ft

80 m

Application Exercises
37. What will it cost to carpet a rectangular floor measuring
9 feet by 21 feet if the carpet costs $26.50 per square yard?
38. A plastering contractor charges $18 per square yard. What is
the cost of plastering 60 feet of wall in a house with a 9-foot
ceiling?
39. A rectangular field measures 81 meters by 108 meters.
What will it cost to cover the field with pallets of grass each
covering 90 square yards and costing $235 per pallet? (Hint:
1 yd ≈ 0.9 m)

M10A_BLIT3713_07_SE_C10A_615-656.indd 655

40 ft

50 ft

a. How many square feet will you need to paint? (There
are four windows, each 8 feet by 5 feet; two windows,
each 30 feet by 2 feet; and two doors, each 80 inches by
36 inches, that do not require paint.)
b. The paint that you have chosen is available in gallon
cans only. Each can covers 500 square feet. If you want
to use two coats of paint, how many cans will you need
for the project?
c. If the paint you have chosen sells for $26.95 per gallon,
what will it cost to paint the house?
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The diagram shows the floor plan for a one-story home. Use the
given measurements to solve Exercises 46–48. (A calculator will be
helpful in performing the necessary computations.)

Dining

Kitchen

10 ft × 14 ft 12 ft × 14 ft

M. Bath

Master
Bdrm
14 ft × 14 ft

Bath

30 ft
Living Area
22 ft × 16 ft

Entry

Bdrm 2

Bdrm 3

11 ft × 12 ft

12 ft × 11 ft

Explaining the Concepts
55. Using the formula for the area of a rectangle, explain how
the formula for the area of a parallelogram (A = bh) is
obtained.
56. Using the formula for the area of a parallelogram (A = bh),
explain how the formula for the area of a triangle
1 A = 12 bh 2 is obtained.
57. Using the formula for the area of a triangle, explain how the
formula for the area of a trapezoid is obtained.
58. Explain why a circle is not a polygon.
59. Describe the difference between the following problems:
How much fencing is needed to enclose a circular garden?
How much fertilizer is needed for a circular garden?

54 ft

46. If construction costs $95 per square foot, find the cost of
building the home.
47. If carpet costs $17.95 per square yard and is available in
whole square yards only, find the cost of carpeting the three
bedroom floors.
48. If ceramic tile costs $26.95 per square yard and is available
in whole square yards only, find the cost of installing ceramic
tile on the kitchen and dining room floors.
In Exercises 49–50, express the required calculation in terms of p
and then round to the nearest tenth.
49. How much fencing is required to enclose a circular garden
whose radius is 20 meters?
50. A circular rug is 6 feet in diameter. How many feet of fringe
is required to edge this rug?
51. How many plants spaced every 6 inches are needed to
surround a circular garden with a 30-foot radius?
52. A stained glass window is to be placed in a house. The
window consists of a rectangle, 6 feet high by 3 feet wide,
with a semicircle at the top. Approximately how many feet
of stripping, to the nearest tenth of a foot, will be needed to
frame the window?

Critical Thinking Exercises
Make Sense? In Exercises 60–63, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
60. The house is a 1500-square-foot mansion with six
bedrooms.
61. Because a parallelogram can be divided into two triangles
with the same size and shape, the area of a triangle is onehalf that of a parallelogram.
62. I used A = pr 2 to determine the amount of fencing needed
to enclose my circular garden.
63. I paid $10 for a pizza, so I would expect to pay approximately
$20 for the same kind of pizza with twice the radius.
64. You need to enclose a rectangular region with 200 feet of
fencing. Experiment with different lengths and widths
to determine the maximum area you can enclose. Which
quadrilateral encloses the most area?
65. Suppose you know the cost for building a rectangular deck
measuring 8 feet by 10 feet. If you decide to increase the
dimensions to 12 feet by 15 feet, by how much will the cost
increase?
66. A rectangular swimming pool measures 14 feet by 30 feet.
The pool is surrounded on all four sides by a path that is
3 feet wide. If the cost to resurface the path is $2 per square
foot, what is the total cost of resurfacing the path?

6 ft

67. A proposed oil pipeline will cross 16.8 miles of national
forest. The width of the land needed for the pipeline is
200 feet. If the U.S. Forest Service charges the oil company
$32 per acre, calculate the total cost. (1 mile = 5280 feet and
1 acre = 43,560 square feet.)

3 ft

53. Which one of the following is a better buy: a large pizza with
a 14-inch diameter for $12 or a medium pizza with a 7-inch
diameter for $5?
54. Which one of the following is a better buy: a large pizza with
a 16-inch diameter for $12 or two small pizzas, each with a
10-inch diameter, for $12?
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10.5
WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Use volume formulas to

compute the volumes of threedimensional figures and solve
applied problems.

2 Compute the surface area of a
three-dimensional figure.

657

Volume and Surface Area
BEFORE SHE RETIRED, YOU WERE CONSIDERING GOING TO
Judge Judy’s Web site and filling out a case submission
form to appear on her TV show. The case involves
your contractor, who promised to install a water tank
that holds 500 gallons of water. Upon delivery, you
noticed that capacity was not printed anywhere, so
you decided to do some measuring. The tank is
shaped like a giant tuna can, with a circular top
and bottom. You measured the radius of
each circle to be 3 feet and you measured
the tank’s height to be 2 feet 4 inches.
You know that 500 gallons is the capacity
of a solid figure with a volume of about
67 cubic feet. Now you need some sort
of method to compute the volume of the
water tank. In this section, we discuss how
to compute the volumes of various solid,
three-dimensional figures. Using a formula you will learn in the section, you can
determine whether the evidence indicates you can win a case against the contractor
if you appear on Judge Judy. Or do you risk joining a cast of bozos who entertain
television viewers by being loudly castigated by the judge? (Before a possible earpiercing “Baloney, sir, you’re a geometric idiot!,” we suggest working Exercise 45 in
Exercise Set 10.5.)

1

Use volume formulas to compute the Formulas for Volume
volumes of three-dimensional figures
In Section 9.2, we saw that volume refers to the amount of space occupied by a
and solve applied problems.

solid object, determined by the number of cubic units it takes to fill the interior of
that object. For example, Figure 10.52 shows that there are 18 cubic units contained
within the box. The volume of the box, called a rectangular solid, is 18 cubic units.
The box has a length of 3 units, a width of 3 units, and a height of 2 units. The
volume, 18 cubic units, may be determined by finding the product of the length, the
width, and the height:

Cubic unit

Volume = 3 units # 3 units # 2 units = 18 units3.
In general, the volume, V, of a rectangular solid is the product of its length, l, its
width, w, and its height, h:
V = lwh.

h=2
l=3
w=3
FIGURE 10 . 52 Volume = 18 cubic units

If the length, width, and height are the same, the rectangular solid is called a cube.
Formulas for these boxlike shapes are given below.

VOLUMES OF BOXLIKE SHAPES
Rectangular solid

Cube

s

h
s
l

w
V = lwh
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EXAMPLE 1

Finding the Volume of a Rectangular Solid

Find the volume of the rectangular solid in Figure 10.53.
4m

2m

SOLUTION
As shown in the figure, the length is 6 meters, the width is 2 meters, and the
height is 4 meters. Thus, l = 6, w = 2, and h = 4.
V = lwh = 6 m # 2 m # 4 m = 48 m3

6m

FIGURE 10 .53

The volume of the rectangular solid is 48 cubic meters.

CHECK POINT 1 Find the volume of a rectangular solid with length 5 feet,
width 3 feet, and height 7 feet.
In Section 9.2, we saw that although there are 3 feet in a yard, there are
27 cubic feet in a cubic yard. If a problem requires measurement of volume
in cubic yards and the linear measures are given in feet, to avoid errors, first
convert feet to yards. Then apply the volume formula. This idea is illustrated in
Example 2.

EXAMPLE 2

Solving a Volume Problem

You are about to begin work on a swimming pool in your yard. The first step
is to have a hole dug that is 90 feet long, 60 feet wide, and 6 feet deep. You will
use a truck that can carry 10 cubic yards of dirt and charges $35 per load. How
much will it cost you to have all the dirt hauled away?

SOLUTION
We begin by converting feet to yards:
90 ft =

90 ft # 1 yd
90
=
yd = 30 yd.
1
3 ft
3

Similarly, 60 ft = 20 yd and 6 ft = 2 yd. Next, we find the volume of dirt that
needs to be dug out and hauled off.
V = lwh = 30 yd # 20 yd # 2 yd = 1200 yd3

Now, we find the number of loads that the truck needs to haul off all the dirt.
Because the truck carries 10 cubic yards, divide the number of cubic yards of
dirt by 10.
Number of truckloads =

1200 yd3
10 yd3
trip

=

1200 yd3 trip
1200
#
=
trips = 120 trips
1
10
10 yd3

Because the truck charges $35 per trip, the cost to have all the dirt hauled
away is the number of trips, 120, times the cost per trip, $35.
Cost to haul all dirt away =

120 trips $35
#
= 120($35) = $4200
1
trip

The dirt-hauling phase of the pool project will cost you $4200.
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CHECK POINT 2 Find the volume, in cubic yards, of a cube whose edges each
measure 6 feet.

A rectangular solid is an example of a polyhedron, a solid figure bounded
by polygons. A rectangular solid is bounded by six rectangles, called faces. By
contrast, a pyramid is a polyhedron whose base is a polygon and whose sides are
triangles. Figure 10.54 shows a pyramid with a rectangular base drawn inside a
rectangular solid. The contents of three pyramids with rectangular bases exactly fill
a rectangular solid of the same base and height. Thus, the formula for the volume of
the pyramid is 13 that of the rectangular solid.

FIG UR E 10 . 54 The volume of a pyramid
is 13 the volume of a rectangular solid
having the same base and the same
height.

VOLUME OF A PYRAMID
The volume, V, of a pyramid is given by the formula
V =

Pyramid

1
Bh,
3

h

where B is the area of the base and h is the height (the
perpendicular distance from the top to the base).

EXAMPLE 3

Using the Formula for a Pyramid’s Volume

Capped with a pointed spire on top of its 48 stories, the Transamerica Tower
in San Francisco is a pyramid with a square base. The pyramid is 256 meters
(853 feet) tall. Each side of the square base has a length of 52 meters. Although
San Franciscans disliked it when it opened in 1972, they have since accepted it
as part of the skyline. Find the volume of the building.

SOLUTION
First find the area of the square base, represented as B in the volume formula.
Because each side of the square base is 52 meters, the area of the square base is
B = 52 m # 52 m = 2704 m2.
The area of the square base is 2704 square meters. Because the pyramid is
256 meters tall, its height, h, is 256 meters. Now we apply the formula for the
volume of a pyramid:
V =
The Transamerica Tower’s 3678 windows
take cleaners one month to wash. Its
foundation is sunk 15.5 m (52 ft) into the
ground and is designed to move with earth
tremors.

1
1 2704 m2 # 256 m
2704 # 256 3
Bh = #
=
m ≈ 230,741 m3.
3
3
1
1
3

The volume of the building is approximately 230,741 cubic meters.

The San Francisco pyramid is relatively small compared to the Great Pyramid
outside Cairo, Egypt. Built in about 2550 b.c. by a labor force of 100,000, the Great
Pyramid is approximately 11 times the volume of San Francisco’s pyramid.

CHECK POINT 3 A pyramid is 4 feet tall. Each side of the square base has a
length of 6 feet. Find the pyramid’s volume.
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Radius

Height

Not every three-dimensional figure is a polyhedron. Take, for example, the
right circular cylinder shown in Figure 10.55. Its shape should remind you of a soup
can or a stack of coins. The right circular cylinder is so named because the top and
bottom are circles, and the side forms a right angle with the top and bottom. The
formula for the volume of a right circular cylinder is given as follows:

FIG UR E 1 0.5 5

VOLUME OF A RIGHT CIRCULAR CYLINDER
The volume, V, of a right circular cylinder is given
by the formula

Right circular cylinder

V = pr 2h,

r
h

where r is the radius of the circle at either end
and h is the height.

EXAMPLE 4
20 yd

Finding the Volume of a Cylinder

Find the volume of the cylinder in Figure 10.56.

SOLUTION
9 yd

FIGURE 10 .56

In order to find the cylinder’s volume, we need both its radius and its height.
Because the diameter is 20 yards, the radius is half this length, or 10 yards. The
height of the cylinder is given to be 9 yards. Thus, r = 10 and h = 9. Now we
apply the formula for the volume of a cylinder.
V = pr 2h = p(10 yd)2 # 9 yd = 900p yd3 ≈ 2827 yd3

The volume of the cylinder is approximately 2827 cubic yards.

CHECK POINT 4 Find the volume, to the nearest cubic inch, of a cylinder with a
diameter of 8 inches and a height of 6 inches.

Figure 10.57 shows a right circular cone inside a cylinder, sharing the same
circular base as the cylinder. The height of the cone, the perpendicular distance
from the top to the circular base, is the same as that of the cylinder. Three such
cones can occupy the same amount of space as the cylinder. Therefore, the formula
for the volume of the cone is 13 the volume of the cylinder.

FIGURE 10 .57

VOL UME OF A CONE
The volume, V, of a right circular cone that has height h
and radius r is given by the formula
V =

1 2
pr h.
3

Cone

h

r
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661

Finding the Volume of a Cone

Find the volume of the cone in Figure 10.58.

10 m

SOLUTION
7m

The radius of the cone is 7 meters and the height is 10 meters. Thus, r = 7 and
h = 10. Now we apply the formula for the volume of a cone.
V =

FIGURE 10 . 58

1 2
1
490p 3
pr h = p(7 m)2 # 10 m =
m ≈ 513 m3
3
3
3

The volume of the cone is approximately 513 cubic meters.

CHECK POINT 5 Find the volume, to the nearest cubic inch, of a cone with a
radius of 4 inches and a height of 6 inches.
Figure 10.59 shows a sphere. Its shape may remind you of a basketball. The
Earth is not a perfect sphere, but it’s close. A sphere is the set of points in space
equally distant from a given point, its center. Any line segment from the center to
a point on the sphere is a radius of the sphere. The word radius is also used to refer
to the length of this line segment. A sphere’s volume can be found by using p and
its radius.

r

FIG UR E 1 0. 59

VOLUME OF A SPHERE
The volume, V, of a sphere of radius r is given
by the formula
V =

EXAMPLE 6

Sphere

r

4 3
pr .
3

Applying Volume Formulas

An ice cream cone is 5 inches deep and has a radius of 1 inch. A spherical
scoop of ice cream also has a radius of 1 inch. (See Figure 10.60.) If the ice
cream melts into the cone, will it overflow?

1 in.

SOLUTION
5 in.

The ice cream will overflow if the volume of the ice cream, a sphere, is greater
than the volume of the cone. Find the volume of each.
1 2
1
5p 3
pr h = p(1 in.)2 # 5 in. =
in. ≈ 5 in.3
3
3
3
4
4
4p 3
= pr 3 = p(1 in.)3 =
in. ≈ 4 in.3
3
3
3

Vcone =
Vsphere
FIGURE 10 . 60

The volume of the spherical scoop of ice cream is less than the volume of the
cone, so there will be no overflow.

CHECK POINT 6 A basketball has a radius of 4.5 inches. If the ball is filled with
350 cubic inches of air, is this enough air to fill it completely?
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2

Compute the surface area of a
three-dimensional figure.

Surface Area
In addition to volume, we can also measure the area of the outer surface of a threedimensional object, called its surface area. Like area, surface area is measured in
square units. For example, the surface area of the rectangular solid in Figure 10.61
is the sum of the areas of the six outside rectangles of the solid.
Surface Area = lw + lw + lh + lh + wh + wh

h
w

#TGCUQHVQRCPF
DQVVQOTGEVCPINGU

l

=

FIGURE 10 .61

2lw

#TGCUQHHTQPVCPF
DCEMTGEVCPINGU

+

#TGCUQHTGEVCPINGU
QPNGHVCPFTKIJVUKFGU

+

2lh

2wh

Formulas for the surface area, abbreviated SA, of three-dimensional figures are
given in Table 10.4.
T A B L E 1 0 . 4 Common Formulas for Surface Area
Rectangular
Solid
SA = 2lw + 2lh + 2wh

Cube
SA = 6s2

Circular
Cylinder
SA = 2p r 2 + 2prh
r
h

s
w

h

l

s

s

EXAMPLE 7

Finding the Surface Area of a Solid

Find the surface area of the rectangular solid in Figure 10.62.
3 yd
5 yd

8 yd

SOLUTION
As shown in the figure, the length is 8 yards, the width is 5 yards, and the height
is 3 yards. Thus, l = 8, w = 5, and h = 3.
SA = 2lw + 2lh + 2wh
= 2 # 8 yd # 5 yd + 2 # 8 yd # 3 yd + 2 # 5 yd # 3 yd
= 80 yd2 + 48 yd2 + 30 yd2 = 158 yd2

FIGURE 10 .62

The surface area is 158 square yards.

CHECK POINT 7 If the length, width, and height shown in Figure 10.62 are
each doubled, find the surface area of the resulting rectangular solid.

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. The volume, V, of a rectangular solid with length l, width w,
and height h is given by the formula ___________.

5. The volume, V, of a right circular cylinder with height h and
radius r is given by the formula ____________.

2. The volume, V, of a cube with an edge that measures s linear
units is given by the formula _________.

6. The volume, V, of a right circular cone with height h and
radius r is given by the formula ____________.

3. A solid figure bounded by polygons is called a/an
_____________.

7. The volume, V, of a sphere of radius r is given by the
formula ___________.

4. The volume, V, of a pyramid with base area B and height h is
given by the formula ___________.
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In Exercises 8–14, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.

11. Some three-dimensional figures are not polyhedrons. _______

8. A cube is a rectangular solid with the same length, width, and
height. _______

13. Surface area refers to the area of the outer surface of a
three-dimensional object. _______

9. A cube is an example of a polyhedron. _______

14. The surface area, SA, of a rectangular solid with
length l, width w, and height h is given by the formula
SA = lw + lh + wh. _______

10. The volume of a pyramid is 12 the volume of a rectangular
solid having the same base and the same height. _______

12. A sphere is the set of points in space equally distant from its
center. _______

Exercise Set 10.5
Practice Exercises
In Exercises 1–20, find the volume of each figure. If necessary,
express answers in terms of p and then round to the nearest whole
number.

11.
24 in.

2.

1.

12.
12 cm

14 cm

21 in.

3 cm
4 in.
3 in.

3 cm

5 cm

13.

3 in.

3.

4.

5 in.

5.

4m

5 in.

4 cm

16 m

9m

4 cm
4 cm

14.

5m

5 in.

15.

6.
h = 20 yd

h = 15 yd

16.

6 yd

6 yd

5 yd
7 yd

5 yd

7 yd

7.

8 yd

h = 6 in.

4 in.

17.

8.

18.
6m

h = 12 m

15 m

7 in.
10 m

9.

15 yd

5 cm

10.

10 m
6 cm

19.
6 cm
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In Exercises 21–24, find the surface area of each figure.

Practice Plus

21.

31. Find the surface area and the volume of the figure shown.

22.

5 yd

3m
3m
2m

2 yd

5m

4m

4 yd

6m
5 yd

23.

24.

3 yd

4 ft
4 ft

6 ft
6 ft

6 ft

In Exercises 25–30, use two formulas for volume to find the
volume of each figure. Express answers in terms of p and then
round to the nearest whole number.
25.

4 yd

9 yd

4 ft

26.

12 cm

32. Find the surface area and the volume of the cement block in
the figure shown.
1 in.

10 cm

1 in.

4 in.
4 in.

6 in.

4 in.

8 cm

8 in.

15 cm
8 in.

27.

28.

16 in.

33. Find the surface area of the figure shown.
4 yd

14 in.

11 in.

5 yd

17 m
12 m

5 yd
4 yd

5 yd

12 in.
6m

15 yd
10 yd

29.

30.

34. A machine produces open boxes using square sheets of
metal measuring 12 inches on each side. The machine cuts
equal-sized squares whose sides measure 2 inches from each
corner. Then it shapes the metal into an open box by turning
up the sides. Find the volume of the box.

18 m
50 ft

36. Find the ratio, reduced to lowest terms, of the volume of a
sphere with a radius of 3 inches to the volume of a sphere
with a radius of 9 inches.

14 m

20 ft
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35. Find the ratio, reduced to lowest terms, of the volume of a
sphere with a radius of 3 inches to the volume of a sphere
with a radius of 6 inches.

37. A cylinder with radius 3 inches and height 4 inches has its
radius tripled. How many times greater is the volume of the
larger cylinder than the smaller cylinder?
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38. A cylinder with radius 2 inches and height 3 inches has its
radius quadrupled. How many times greater is the volume of
the larger cylinder than the smaller cylinder?

Application Exercises
39. A building contractor is to dig a foundation 12 feet long,
9 feet wide, and 6 feet deep for a toll booth. The contractor
pays $85 per load for trucks to remove the dirt. Each truck
holds 6 cubic yards. What is the cost to the contractor to have
all the dirt hauled away?
40. What is the cost of concrete for a walkway that is 15 feet long,
8 feet wide, and 9 inches deep if the concrete costs $30 per
cubic yard?
41. A furnace is designed to heat 10,000 cubic feet. Will this
furnace be adequate for a 1400-square-foot house with a
9-foot ceiling?
42. A water reservoir is shaped like a rectangular solid with a
base that is 50 yards by 30 yards, and a vertical height of
20 yards. At the start of a three-month period of no rain, the
reservoir was completely full. At the end of this period, the
height of the water was down to 6 yards. How much water
was used in the three-month period?
43. The Great Pyramid outside Cairo, Egypt, has a square base
measuring 756 feet on a side and a height of 480 feet.
a. What is the volume of the Great Pyramid, in cubic
yards?
b. The stones used to build the Great Pyramid were
limestone blocks with an average volume of 1.5 cubic yards.
How many of these blocks were needed to construct the
Great Pyramid?
44. Although the Eiffel Tower in Paris is not a solid pyramid,
its shape approximates that of a pyramid with a square
base measuring 120 feet on a side and a height of 980 feet.
If it were a solid pyramid, what would be the Eiffel Tower’s
volume, in cubic yards?
45. You are about to sue your contractor who promised to install
a water tank that holds 500 gallons of water. You know that
500 gallons is the capacity of a tank that holds 67 cubic feet.
The cylindrical tank has a radius of 3 feet and a height of
2 feet 4 inches. Does the evidence indicate you can win the
case against the contractor if it goes to court?
46. Two cylindrical cans of soup sell for the same price. One can
has a diameter of 6 inches and a height of 5 inches. The other
has a diameter of 5 inches and a height of 6 inches. Which can
contains more soup and, therefore, is the better buy?
47. A circular backyard pool has a diameter of 24 feet and
is 4 feet deep. One cubic foot of water has a capacity of
approximately 7.48 gallons. If water costs $2 per thousand
gallons, how much, to the nearest dollar, will it cost to fill the
pool?

665

Explaining the Concepts
49. Explain the following analogy:
In terms of formulas used to compute volume, a pyramid is to
a rectangular solid just as a cone is to a cylinder.
50. Explain why a cylinder is not a polyhedron.

Critical Thinking Exercises
Make Sense?
In Exercises 51–54, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
51. The physical education department ordered new basketballs
in the shape of right circular cylinders.
52. When completely full, a cylindrical soup can with a diameter
of 3 inches and a height of 4 inches holds more soup than a
cylindrical can with a diameter of 4 inches and a height of
3 inches.
53. I found the volume of a rectangular solid in cubic inches and
then divided by 12 to convert the volume to cubic feet.
54. Because a cylinder is a solid figure, I use cubic units to
express its surface area.
55. What happens to the volume of a sphere if its radius is
doubled?
56. A scale model of a car is constructed so that its length, width,
1
the length, width, and height of the
and height are each 10
actual car. By how many times does the volume of the car
exceed its scale model?
In Exercises 57–58, find the volume of the darkly shaded region. If
necessary, round to the nearest whole number.
57.

58.

2 in.

7 cm
10 in.
6 cm

6 cm

6 in.

59. Find the surface area of the figure shown.
3 cm

4 cm

6 cm

48. The tunnel under the English Channel that connects England
and France is the world’s longest tunnel. There are actually
three separate tunnels built side by side. Each is a halfcylinder that is 50,000 meters long and 4 meters high. How
many cubic meters of dirt had to be removed to build the
tunnel?
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10.6

Right Triangle Trigonometry

WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Use the lengths of the sides
of a right triangle to find
trigonometric ratios.

2 Use trigonometric ratios to find
missing parts of right triangles.

3 Use trigonometric ratios to solve
applied problems.

MOUNTAIN CLIMBERS HAVE FOREVER BEEN FASCINATED
by reaching the top of Mount Everest, sometimes
with tragic results. The mountain, on Asia’s
Tibet-Nepal border, is Earth’s highest,
peaking at an incredible 29,035 feet.
The heights of mountains can be
found using trigonometry. The
word
trigonometry
means
measurement of triangles.
Trigonometry is used in
navigation, building,
and engineering.
For centuries,
Muslims used
trigonometry and the stars to navigate across the Arabian desert to Mecca, the
birthplace of the prophet Muhammad, the founder of Islam. The ancient Greeks
used trigonometry to record the locations of thousands of stars and worked out
the motion of the Moon relative to Earth. Today, trigonometry is used to study the
structure of DNA, the master molecule that determines how we grow from a single
cell to a complex, fully developed adult.

Ratios in Right Triangles
B

.GPIVJQH
VJGJ[RQVGPWUG
c

A

a

b
.GPIVJQHVJG
UKFGCFLCEGPV
VQCPINGA

C

.GPIVJQH
VJGUKFG
QRRQUKVG
CPINGA

FIG UR E 1 0.6 3 Naming a right
triangle’s sides from the point of view
of an acute angle

1

Use the lengths of the sides of a
right triangle to find trigonometric
ratios.

The right triangle forms the basis of trigonometry. If either acute angle of a right
triangle stays the same size, the shape of the triangle does not change even if it is
made larger or smaller. Because of properties of similar triangles, this means that the
ratios of certain lengths stay the same regardless of the right triangle’s size. These
ratios have special names and are defined in terms of the side opposite an acute
angle, the side adjacent to the acute angle, and the hypotenuse. In Figure 10.63,
the length of the hypotenuse, the side opposite the 90° angle, is represented by c.
The length of the side opposite angle A is represented by a. The length of the side
adjacent to angle A is represented by b.
The three fundamental trigonometric ratios, sine (abbreviated sin), cosine
(abbreviated cos), and tangent (abbreviated tan), are defined as ratios of the lengths
of the sides of a right triangle. In the box that follows, when a side of a triangle is
mentioned, we are referring to the length of that side.

TRIGONOMETRIC RATIOS
Let A represent an acute angle of a right triangle, with right angle C, shown in
Figure 10.63. For angle A, the trigonometric ratios are defined as follows:
UKPGQHA

EQUKPGQHA

VCPIGPVQHA
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sin A =

side opposite angle A
hypotenuse

=

a
c

cos A =

side adjacent to angle A
b
=
hypotenuse
c

tan A =

side opposite angle A
a
= .
side adjacent to angle A
b
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GREAT QUESTION!
Is there a way to help me remember the definitions of the trigonometric ratios?
The word
SOHCAHTOA (pronounced: so-cah-tow-ah)
may be helpful in remembering the definitions of the three trigonometric ratios.
S

O H
opp
hyp

Sine

C

A H
adj
hyp

Cosine

T

O A
opp
adj

Tangent

“Some Old Hog Came Around Here and Took Our Apples.”

EXAMPLE 1

Find the sine, cosine, and tangent of A in Figure 10.64.

B
5
A

12

SOLUTION
We begin by finding the measure of the hypotenuse c using the Pythagorean
Theorem.

C

c 2 = a2 + b2 = 52 + 122 = 25 + 144 = 169

FIG UR E 1 0. 64

c = 2169 = 13

Now, we apply the definitions of the trigonometric ratios.

GREAT QUESTION!
Can you clarify which is the
opposite side and which is the
adjacent side?
We know that the longest
side of the right triangle is
the hypotenuse. The two legs
of the triangle are described
by their relationship to each
acute angle. The adjacent leg
“touches” the acute angle by
forming one of the angle’s
sides. The opposite leg is not a
side of the acute angle because
it lies directly opposite the
angle.

Becoming Familiar with the Trigonometric Ratios

*[RQVGPWUG
13

A

12

B
5

5KFG
QRRQUKVG
CPINGA

sin A =

side opposite angle A
5
=
hypotenuse
13

cos A =

side adjacent to angle A
12
=
hypotenuse
13

tan A =

side opposite angle A
5
=
side adjacent to angle A
12

C

5KFGCFLCEGPVVQCPINGA

CHECK POINT 1 Find the sine, cosine, and tangent of A in the figure shown.
B

3

A
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A BRIEF REVIEW

Equations with Fractions

Finding missing parts of right triangles involves solving equations with fractions.
• The variable can appear in a fraction’s numerator.
Example
Solve for a: 0.3 =

a
150

15010.32 = 150 a
45 = a

a
b
150

Clear fractions by multiplying both sides by 150.
Simplify: 150(0.3) = 45 and
1

a
150 # a
150a
b =
= a.
150
1 150
1

• The variable can appear in a fraction’s denominator.
Example
150
c
150
0.8c = a
bc
c

Solve for c: 0.8 =

0.8c = 150

9G TGUVKNNPQVFQPG
9GJCXGPQVKUQNCVGFc

0.8c
150
=
0.8
0.8
c = 187.5

2

Use trigonometric ratios to find
missing parts of right triangles.

Clear fractions by multiplying both sides by c.
1

150
150 # c
Simplify: a
bc =
= 150.
c
c 1
1

Divide both sides by 0.8.
Simplify.

A scientific or graphing calculator in the degree mode will give you decimal
approximations for the trigonometric ratios of any angle. For example, to find
an approximation for tan 37°, the tangent of an angle measuring 37°, a keystroke
sequence similar to one of the following can be used:
Many Scientific Calculators: 37 TAN
Many Graphing Calculators: TAN 37 ENTER .
The tangent of 37°, rounded to four decimal places, is 0.7536.
If we are given the length of one side and the measure of an acute angle of a
right triangle, we can use trigonometry to solve for the length of either of the other
two sides. Example 2 illustrates how this is done.

EXAMPLE 2

Finding a Missing Leg of a Right Triangle
B

Find a in the right triangle in Figure 10.65.

SOLUTION
TECHNOLOGY
Here is the keystroke sequence
for 150 tan 40°:
Many Scientific Calculators
150  *  40  TAN  =



Many Graphing Calculators
150  TAN  40  ENTER 
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We need to identify a trigonometric ratio that
will make it possible to find a. Because we have
a known angle, 40°, an unknown opposite side,
a, and a known adjacent side, 150 cm, we use
the tangent ratio.
a
tan 40° =
150

5KFGQRRQUKVGVJG°CPING

c

A

a

40°
b = 150 cm

C

FI G U R E 1 0 .6 5
5KFGCFLCEGPVVQVJG°CPING

Now we solve for a by multiplying both sides by 150.
a = 150 tan 40° ≈ 126
The tangent ratio reveals that a is approximately 126 centimeters.
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CHECK POINT 2 In Figure 10.65, let m∡A = 62° and b = 140 cm. Find a
to the nearest centimeter.

EXAMPLE 3

Finding a Missing Hypotenuse of a Right Triangle

Find c in the right triangle in Figure 10.65.

SOLUTION
In Example 2, we found a: a ≈ 126. Because we are given that b = 150, it is
possible to find c using the Pythagorean Theorem: c 2 = a2 + b2. However, if
we made an error in computing a, we will perpetuate our mistake using this
approach.
Instead, we will use the quantities given and identify a trigonometric ratio
that will make it possible to find c. Refer to Figure 10.65. Because we have a
known angle, 40°, a known adjacent side, 150 cm, and an unknown hypotenuse,
c, we use the cosine ratio.

TECHNOLOGY
Here is the keystroke sequence
150
for
:
cos 40°
Many Scientific Calculators
150  ,  40  COS  =

Multiply both sides by c.

150
cos 40°

c =



 COS  40  ENTER 

*[RQVGPWUG

c cos 40° = 150

Many Graphing Calculators
150  ,

5KFGCFLCEGPVVQVJG°CPING

150
c

cos 40° =

Divide both sides by cos 40°.

c ≈ 196

Use a calculator.

The cosine ratio reveals that the hypotenuse is approximately 196 centimeters.

CHECK POINT 3 In Figure 10.65, let m∡A = 62° and b = 140 cm. Find c
to the nearest centimeter.

3

Use trigonometric ratios to solve
applied problems.

Applications of the Trigonometric Ratios
Trigonometry was first developed to determine heights and distances that are
inconvenient or impossible to measure. These applications often involve the angle
made with an imaginary horizontal line. As shown in Figure 10.66, an angle formed
by a horizontal line and the line of sight to an object that is above the horizontal
line is called the angle of elevation. The angle formed by a horizontal line and
the line of sight to an object that is below the horizontal line is called the angle of
depression. Transits and sextants are instruments used to measure such angles.

Observer
located
here

rver

bse

of
ine

ta

sigh

L

Lin

e of

eo
bov

Angle of elevation

Horizontal

Angle of depression

sigh

t be

low

obs

erve

r

FI G U R E 1 0 . 6 6
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igh
t

EXAMPLE 4
Li
ne
of
s

a

Problem Solving Using an Angle of Elevation

From a point on level ground 125 feet from the base of a tower, the angle of
elevation to the top of the tower is 57.2°. Approximate the height of the tower
to the nearest foot.

SOLUTION
A sketch is shown in Figure 10.67, where a represents the height of the tower.
In the right triangle, we have a known angle, an unknown opposite side, and a
known adjacent side. Therefore, we use the tangent ratio.

57.2°
125 ft
FIGURE 10 .67 Determining height
without using direct measurement

tan 57.2° =

a
125

5KFGQRRQUKVGVJG°CPING
5KFGCFLCEGPVVQVJG°CPING

We solve for a by multiplying both sides of this equation by 125:
a = 125 tan 57.2° ≈ 194.
The tower is approximately 194 feet high.

CHECK POINT 4 From a point on level ground 80 feet from the base of the
Eiffel Tower, the angle of elevation is 85.4°. Approximate the height of the Eiffel
Tower to the nearest foot.

If the measures of two sides of a right triangle are known, the measures of the
two acute angles can be found using the inverse trigonometric keys on a calculator.
For example, suppose that sin A = 0.866. We can find the measure of angle A by
using the inverse sine key, usually labeled  SIN-1 . The key  SIN-1 is not a button
you will actually press; it is the secondary function for the button labeled  SIN  .
Many Scientific Calculators:
.866 2nd SIN
2TGUUKPIPF5+0
CEEGUUGUVJGKPXGTUG
UKPGMG[5+0–

Many Graphing Calculators:
2nd SIN .866 ENTER

The display should show approximately 59.99°, which can be rounded to 60°. Thus,
if sin A = 0.866, then m∡A ≈ 60°.

EXAMPLE 5
#PINGQH
GNGXCVKQP
21 m

Determining the Angle of Elevation

A building that is 21 meters tall casts a shadow 25 meters long. Find
the angle of elevation of the Sun to the nearest degree.

SOLUTION
A
25 m

FIG UR E 1 0.6 8
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The situation is illustrated in Figure 10.68. We are asked to find
m∡A. We begin with the tangent ratio.
tan A =

side opposite A
21
=
side adjacent to A
25
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With tan A =
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21
, we use the inverse tangent key,  TAN-1 , to find A.
25
Many Scientific Calculators:
( 21 ÷ 25 ) 2nd TAN

2TGUUKPIPF6#0
CEEGUUGUVJGKPXGTUG
VCPIGPVMG[6#0–

Many Graphing Calculators:
2nd TAN ( 21 ÷ 25 ) ENTER

The display should show approximately 40. Thus, the angle of elevation of the
Sun is approximately 40°.

CHECK POINT 5 A flagpole that is 14 meters tall casts a shadow 10 meters
long. Find the angle of elevation of the Sun to the nearest degree.

Blitzer Bonus
The Mountain Man
In the 1930s, a National Geographic team headed by
Brad Washburn used trigonometry to create a map of the
5000-square-mile region of the Yukon, near the Canadian
border. The team started with aerial photography. By drawing
a network of angles on the photographs, the approximate
locations of the major mountains and their rough heights
were determined. The expedition then spent three months on
foot to find the exact heights. Team members established two
base points a known distance apart, one directly under the
mountain’s peak. By measuring the angle of elevation from
one of the base points to the peak, the tangent ratio was used
to determine the peak’s height. The Yukon expedition was a
major advance in the way maps are made.

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
Exercises 1–3 are based on the following right triangle:
B

.GPIVJQH
VJGJ[RQVGPWUG
c

A

3. tan A, which represents the __________ of angle A, is defined
by the length of the side __________ angle A divided by the
length of the side _____________ angle A. This is represented
by ____ in the figure shown.

a

b
.GPIVJQHVJG
UKFGCFLCEGPV
VQCPINGA

C

.GPIVJQH
VJGUKFG
QRRQUKVG
CPINGA

1. sin A, which represents the ______ of angle A, is defined
by the length of the side __________ angle A divided by the
length of the _____________. This is represented by ____ in
the figure shown.
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2. cos A, which represents the ________ of angle A, is defined
by the length of the side _____________ angle A divided by
the length of the _____________. This is represented by ____
in the figure shown.

4. An angle formed by a horizontal line and the line of sight to
an object that is above the horizontal line is called the angle
of ___________.
5. An angle formed by a horizontal line and the line of sight to
an object that is below the horizontal line is called the angle
of ____________.
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In Exercises 6–9, determine whether each statement is true or false.
If the statement is false, make the necessary change(s) to produce
a true statement.
6. sin 30° increases as the size of a right triangle with an acute
angle of 30° grows larger. _______

8. On a scientific calculator, the keystroke 47  TAN gives a
decimal approximation for tan 47°. _______
9. The equation cos 40° = 150
c is solved for c by multiplying
both sides by 150. _______

7. The side of a right triangle opposite an acute angle forms
one of the acute angle’s sides. _______

Exercise Set 10.6
Practice Exercises

11.

In Exercises 1–8, use the given right triangles to find ratios, in
reduced form, for sin A, cos A, and tan A.
1.

2.

B

10

A

6

A

C

8

29

13 m

17
A
C

6. B

B
10

C

a

A

C
B

14.

41

26

C

34°

A

15

b

B

13.

4. B

21

C

b

72°

3. B

A

40

A

C

7.

15 cm

C
A

5.

220 in.

B

3
4

C

B

34°

5
A

12.

B

35

A

B

8.

a

24
B

21

18 m

C

A

25

49°
A

C

C
B

15.
In Exercises 9–18, find the measure of the side of the right triangle
whose length is designated by a lowercase letter. Round answers to
the nearest whole number.
B

9.

10.

14 yd

B
33°
A

a

A

37°
b = 250 cm

a

C

16.

B

23 yd

61°
A

b = 10 cm

C
A
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C

b

44°
b

C
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Practice Plus

B

In Exercises 27–34, find the length x to the nearest whole number.

30°

C
B

18.

27.

c

20 m

A

x

40°

500

25°
c

16 m

23°

C

28.

A

In Exercises 19–22, find the measures of the parts of the right
triangle that are not given. Round all answers to the nearest whole
number.
B
B
19.
20.
c

c

C

x

a
25°

A

21.

57°

B
86 cm

54 cm

a

A

28°
600

C

48 yd

22.

B

30.

x

a

39°

40°

C

b

28°

400

52°
A

x

100
8°

29.

a

40°
22 yd

A

20°

C

b

31.

In Exercises 23–26, use the inverse trigonometric keys on a
calculator to find the measure of angle A, rounded to the nearest
whole degree.
B

23.
50 m

24.

B
64°

10 m

30 m
A

A

300

24 m

C

34°
x

C

32.
B

25.

500
48°

20°

17 cm

x
A

26.

C

15 cm
B

11 cm

33.
x

65 cm

C
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20°
A

40°
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34.

39. The tallest television transmitting tower in the world is in
North Dakota. From a point on level ground 5280 feet (one
mile) from the base of the tower, the angle of elevation to
the top of the tower is 21.3°. Approximate the height of the
tower to the nearest foot.

x

40. From a point on level ground 30 yards from the base of a
building, the angle of elevation to the top of the building is
38.7°. Approximate the height of the building to the nearest
foot.

38°
43°
100

Application Exercises
35. To find the distance across a lake, a surveyor took the
measurements shown in the figure. Use these measurements
to determine how far it is across the lake. Round to the
nearest yard.

41. The Statue of Liberty is approximately 305 feet tall. If the
angle of elevation of a ship to the top of the statue is 23.7°,
how far, to the nearest foot, is the ship from the statue’s
base?
42. A 200-foot cliff drops vertically into the ocean. If the angle
of elevation of a ship to the top of the cliff is 22.3°, how far
off shore, to the nearest foot, is the ship?
43. A tower that is 125 feet tall casts a shadow 172 feet long.
Find the angle of elevation of the Sun to the nearest
degree.

B
a=?
40°
A

630 yd

C

125 ft

36. At a certain time of day, the angle of elevation of the Sun
is 40°. To the nearest foot, find the height of a tree whose
shadow is 35 feet long.

172 ft

44. The Washington Monument is 555 feet high. If you stand
one quarter of a mile, or 1320 feet, from the base of the
monument and look to the top, find the angle of elevation to
the nearest degree.
Washington
Monument

h
40°
35 ft

555 ft

37. A plane rises from take-off and flies at an angle of 10° with the
horizontal runway. When it has gained 500 feet in altitude, find
the distance, to the nearest foot, the plane has flown.
B
c=?

500 ft

10°
A

1320 ft

45. A helicopter hovers 1000 feet above a small island. The
figure below shows that the angle of depression from
the helicopter to point P is 36°. How far off the coast, to the
nearest foot, is the island?

C
36°

38. A road is inclined at an angle of 5°. After driving 5000 feet
along this road, find the driver’s increase in altitude. Round
to the nearest foot.

P

B
5000 ft

1000 ft

d
a=?

5°
A
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46. A police helicopter is flying at 800 feet. A stolen car is
sighted at an angle of depression of 72°. Find the distance
of the stolen car, to the nearest foot, from a point directly
below the helicopter.

675

Critical Thinking Exercises
Make Sense?
In Exercises 57–60, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
57. For a given angle A, I found a slight increase in sin A as the
size of the triangle increased.

72°

58. I’m working with a right triangle in which the hypotenuse is
the side adjacent to the acute angle.
59. Standing under this arch, I can determine its height by
measuring the angle of elevation to the top of the arch and
my distance to a point directly under the arch.

800 ft

d

47. A wheelchair ramp is to be built beside the steps to the campus
library. Find the angle of elevation of the 23-foot ramp, to the
nearest tenth of a degree, if its final height is 6 feet.
48. A kite flies at a height of 30 feet when 65 feet of string is out.
If the string is in a straight line, find the angle that it makes
with the ground. Round to the nearest tenth of a degree.

Explaining the Concepts
49. If you are given the lengths of the sides of a right triangle,
describe how to find the sine of either acute angle.
50. Describe one similarity and one difference between the sine
ratio and the cosine ratio in terms of the sides of a right triangle.
51. If one of the acute angles of a right triangle is 37°, explain
why the sine ratio does not increase as the size of the triangle
increases.
52. If the measure of one of the acute angles and the hypotenuse
of a right triangle are known, describe how to find the
measure of the remaining parts of the triangle.
53. Describe what is meant by an angle of elevation and an
angle of depression.
54. Give an example of an applied problem that can be solved using
one or more trigonometric ratios. Be as specific as possible.
55. Use a calculator to find each of the following: sin 32° and
cos 58°; sin 17° and cos 73°; sin 50° and cos 40°; sin 88°
and cos 2°. Describe what you observe. Based on your
observations, what do you think the co in cosine stands for?
56. Stonehenge, the famous “stone circle” in England, was built
between 2750 b.c. and 1300 b.c. using solid stone blocks
weighing over 99,000 pounds each. It required 550 people to
pull a single stone up a ramp inclined at a 9° angle. Describe
how right triangle trigonometry can be used to determine
the distance the 550 workers had to drag a stone in order to
raise it to a height of 30 feet.

Delicate Arch in Arches National Park, Utah

60. A wheelchair ramp must be constructed so that the slope is
not more than 1 inch of rise for every 1 foot of run, so I used
the tangent ratio to determine the maximum angle that the
ramp can make with the ground.
61. Explain why the sine or cosine of an acute angle cannot be
greater than or equal to 1.
62. Describe what happens to the tangent of an angle as the
measure of the angle gets close to 90°.
63. From the top of a 250-foot lighthouse, a plane is sighted
overhead and a ship is observed directly below the plane.
The angle of elevation of the plane is 22° and the angle of
depression of the ship is 35°. Find a. the distance of the ship
from the lighthouse; b. the plane’s height above the water.
Round to the nearest foot.
64. Sighting the top of a building, a surveyor measured the angle
of elevation to be 22°. The transit is 5 feet above the ground
and 300 feet from the building. Find the building’s height.
Round to the nearest foot.
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10.7

Beyond Euclidean Geometry
“I love Euclidean geometry,
but it is quite clear that it
does not give a reasonable
presentation of the world.
Mountains are not cones,
clouds are not spheres,
trees are not cylinders,
neither does lightning
travel in a straight line.
Almost everything around
us is n
 on-Euclidean.”

WHAT AM I
SUPPOSED TO LEARN?
After studying this section, you
should be able to:

1 Gain an understanding of some
of the general ideas of other
kinds of geometries.

—Benoit Mandelbrot

The Family (1962), Marisol Escobar. Digital Image © The Museum
of Modern Art/Licensed by Scala/Art Resource, NY; Art © Estate of
Marisol Escobar/Licensed by VAGA, New York, NY

THINK OF YOUR FAVORITE NATURAL SETTING. DURING THE LAST QUARTER OF THE
twentieth century, mathematicians developed a new kind of geometry that uses
the computer to produce the diverse forms of nature that we see around us. These
forms are not polygons, polyhedrons, circles, or cylinders. In this section, we move
beyond Euclidean geometry to explore ideas which have extended geometry
beyond the boundaries first laid down by the ancient Greek scholars.

1

Gain an understanding of some of
the general ideas of other kinds of
geometries.

The Geometry of Graphs
In the early 1700s, the city of Königsberg, Germany, was connected by seven
bridges, shown in Figure 10.69. Many people in the city were interested in finding
if it were possible to walk through the city so as to cross each bridge exactly once.
After a few trials, you may be convinced that the answer is no. However, it is not
easy to prove your answer by trial and error because there are a large number of
ways of taking such a walk.
C

A
B

Ethane

D
FI G U R E 1 0 . 6 9

Graph theory is used to show how
atoms are linked to form molecules.
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The problem was taken to the Swiss mathematician Leonhard Euler
(1707–1783). In the year 1736, Euler (pronounced “oil er”) proved that it is not
possible to stroll through the city and cross each bridge exactly once. His solution of
the problem opened up a new kind of geometry called graph theory. Graph theory
is now used to design city streets, analyze traffic patterns, and find the most efficient
routes for public transportation.
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Euler solved the problem by introducing the following definitions:
A vertex is a point. An edge is a line segment or curve that starts and ends at a
vertex.
Vertices and edges form a graph. A vertex with an odd number of attached edges
is an odd vertex. A vertex with an even number of attached edges is an even vertex.
Using these definitions, Figure 10.70 shows that the graph in the Königsberg
bridge problem (Figure 10.69) has four odd vertices.
1FFXGTVGZ
CVVCEJGFGFIGU
C
1FFXGTVGZ
CVVCEJGFGFIGU
1FFXGTVGZ
CVVCEJGFGFIGU

A

B

D
1FFXGTVGZ
CVVCEJGFGFIGU
FI G U R E 1 0 . 7 0

A graph is traversable if it can be traced without lifting the pencil from the
paper and without tracing an edge more than once. Euler proved the following
rules of traversability in solving the problem:
RULES OF TRAVERSABILITY
1. A graph with all even vertices is traversable. One can start at any vertex and
end where one began.
2. A graph with two odd vertices is traversable. One must start at either of the
odd vertices and finish at the other.
3. A graph with more than two odd vertices is not traversable.
Because the graph in the Königsberg bridge problem has four odd vertices, it
cannot be traversed.

EXAMPLE 1

To Traverse or Not to Traverse?

Consider the graph in Figure 10.71.
a. Is this graph traversable?
b. If it is, describe a path that will traverse it.

SOLUTION
a. Begin by determining whether each vertex is even or odd.
FIGURE 10 . 71
1FFXGTVGZ
CVVCEJGF
GFIGU

1FFXGTVGZ
CVVCEJGF
GFIGU

'XGPXGTVGZ
CVVCEJGF
GFIGU

Because this graph has exactly two odd vertices, by Euler’s second rule,
it is traversable.
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1
End

Start

2
4

3

FIG UR E 1 0.7 2

b. In order to find a path that traverses this graph, we again use Euler’s
second rule. It states that we must start at either of the odd vertices and
finish at the other. One possible path is shown in Figure 10.72.

CHECK POINT 1 Create a graph with two even and two odd vertices. Then
describe a path that will traverse it.
Graph theory is used to solve many kinds of practical problems. The first
step is to create a graph that represents, or models, the problem. For example,
consider a UPS driver trying to find the best way to deliver packages around town.
By modeling the delivery locations as vertices and roads between locations as
edges, graph theory reveals the driver’s most efficient path. Graphs are powerful
tools because they illustrate the important aspects of a problem and leave out
unnecessary detail. A more detailed presentation on the geometry of graphs, called
graph theory, can be found in Chapter 14.

Topology

GREAT QUESTION!

A branch of modern geometry called topology looks at shapes in a completely new
way. In Euclidean geometry, shapes are rigid and unchanging. In topology, shapes
can be twisted, stretched, bent, and shrunk. Total flexibility is the rule.
A topologist does not know the difference between a doughnut and a coffee
cup! This is because, topologically speaking, there is no difference. They both
have one hole, and in this strange geometry of transformations, a doughnut can be
flattened, pulled, and pushed to form a coffee cup.
In topology, objects are classified according to the number of holes in them,
called their genus. The genus gives the largest number of complete cuts that can be
made in the object without cutting the object into two pieces. Objects with the same
genus are topologically equivalent.
The three shapes shown below (sphere, cube, irregular blob) have the same
genus: 0. No complete cuts can be made without cutting these objects into two
pieces.

Can you remind me of the
relationship between genus
and holes?
The genus of an object is the
same as the number of holes in
the object.

How can a doughnut be transformed into a coffee cup? It can be stretched and
deformed to make a bowl part of the surface. Both the doughnut and the coffee cup
have genus 1. One complete cut can be made without cutting these objects into two
pieces.
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To a topologist, a lump with two holes in it is no different than a sugar bowl
with two handles. Both have genus 2. Two complete cuts can be made without
cutting these objects into two pieces.

Shown below is a transformation that results in a most unusual topological
figure.
Start with a flexible
glass tube.

Pass the neck
through a hole.

Base

Neck

Join the neck
to the base.

The figure that results is called a Klein bottle. You couldn’t use one to carry
water on a long hike. Because the inside surface loops back on itself to merge with
the outside, it has neither an outside nor an inside and cannot hold water. A Klein
bottle passes through itself without the existence of a hole, which is impossible in
three-dimensional space. A true Klein bottle is visible only when generated on a
computer.

Topology is more than an excursion in geometric fantasy. Topologists study
knots and ways in which they are topologically equivalent. Knot theory is used to
identify viruses and understand the ways in which they invade our cells. Such an
understanding is a first step in finding vaccines for viruses ranging from the common
cold to HIV.

Non-Euclidean Geometries
Imagine this: Earth is squeezed and compressed to the size of a golf ball. It becomes
a black hole, a region in space where everything seems to disappear. Its pull of
gravity is now so strong that the space near the golf ball can be thought of as a funnel
with the black hole sitting at the bottom. Any object that comes near the funnel
will be pulled into it by the immense gravity of the golf-ball-sized Earth. Then the
object disappears! Although this sounds like science fiction, some physicists believe
that there are billions of black holes in space.
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given point
given line
FIGURE 10 .73

A

B

FIGURE 10 .74

Is there a geometry that describes this unusual phenomenon? Yes, although it’s
not the geometry of Euclid. Euclidean geometry is based on the assumption that given
a point not on a line, there is one line that can be drawn through the point parallel to
the given line, shown as the thinner white line in Figure 10.73. We used this assumption
to prove that the sum of the measures of the three angles of any triangle is 180°.
Hyperbolic geometry was developed independently by the Russian mathematician
Nikolay Lobachevsky (1792–1856) and the Hungarian mathematician Janos Bolyai
(1802–1860). It is based on the assumption that given a point not on a line, there are an
infinite number of lines that can be drawn through the point parallel to the given line.
The shapes in this non-Euclidean geometry are not represented on a plane. Instead,
they are drawn on a funnel-like surface, called a pseudosphere, shown in Figure 10.74.
On such a surface, the shortest distance between two points is a curved line. A triangle’s
sides are composed of arcs, and the sum of the measures of its angles is less than 180°.
The shape of the pseudosphere looks like the distorted space near a black hole.
Once the ice had been broken by Lobachevsky and Bolyai, mathematicians
were stimulated to set up other non-Euclidean geometries. The best known of these
was elliptic geometry, proposed by the German mathematician Bernhard Riemann
(1826–1866). Riemann began his geometry with the assumption that there are no
parallel lines. As shown in Figure 10.75, elliptic geometry is on a sphere, and the sum of
the measures of the angles of a triangle is greater than 180°.
Riemann’s elliptic geometry was used by Albert
Einstein in his theory of the universe. One aspect
of the theory states that if you set off on a journey
through space and keep going in the same direction,
you will eventually come back to your starting point.
The same thing happens on the surface of a sphere.
This means that space itself is “curved,” although
the idea is difficult to visualize. It is interesting that
Einstein used ideas of non-Euclidean geometry
more than 50 years after the system was logically
developed. Mathematics often moves ahead of our
FI G U R E 1 0 . 75
understanding of the physical world.

Blitzer Bonus
Colorful Puzzles
How many different colors are needed to color a plane map so
that any two regions that share a common border are colored
differently? Even though no map could be found that required
more than four colors, a proof that four colors would work
for every map remained elusive to mathematicians for over
100 years. The conjecture that at most four colors are needed,
stated in 1852, was proved by American mathematicians
Kenneth Appel and Wolfgang Haken of the University of
Illinois in 1976. Their proof translated maps into graphs that
represented each region as a vertex and each shared common

border as an edge between corresponding vertices. The
proof relied heavily on computer computations that checked
approximately 1500 special cases, requiring 1200 hours of
computer time. Although there are recent rumors about a flaw
in the proof, no one has found a proof that does not enlist the
use of computer calculations.

At most four colors are needed on a plane map.

At most six colors are needed on a map drawn on a Möbius strip.
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If you take a strip of paper, give it a single half-twist, and
paste the ends together, the result is a one-sided surface called
a Möbius strip. A map on a Möbius strip requires six colors to
make sure that no adjacent areas are the same color.
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We have seen that Dutch artist M. C. Escher is known for combining art
and geometry. Many of his images are based on non-Euclidean geometry. In the
woodcut shown below, things enlarge as they approach the center and shrink
proportionally as they approach the boundary. The shortest distance between
two points is a curved line, and the triangles that are formed look like those from
hyperbolic geometry.

Circle Limit III (1959). M.C. Escher’s “Circle Limit III” © 2017 The
M.C. Escher Company-The Netherlands. All rights reserved. www.mcescher.com

Table 10.5 compares Euclidean geometry with hyperbolic and elliptic geometry.
T A B L E 1 0 . 5 Comparing Three Systems of Geometry

Euclidean Geometry
Euclid (300 b.c.)

Hyperbolic Geometry
Lobachevsky, Bolyai (1830)

Elliptic Geometry
Riemann (1850)

Given a point not on a line, there is one
and only one line through the point
parallel to the given line.

Given a point not on a line, there are
an infinite number of lines through the
point that do not intersect the given line.

There are no parallel lines.

Geometry is on a plane:

Geometry is on a pseudosphere:

Geometry is on a sphere:

D

C
C

D
A

A

The sum of the measures of the angles of
a triangle is 180°.

B

A

B

The sum of the measures of the angles of
a triangle is less than 180°.

The sum of the measures of the angles of
a triangle is greater than 180°.

A

C

A

A

B
C
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Fractal Geometry

A

C′

B

B′

A′

C

FIGURE 10 .76

How can geometry describe nature’s complexity
in objects such as ferns, coastlines, or the human
circulatory system? Any magnified portion of a fern
repeats much of the pattern of the whole fern, as well
as new and unexpected patterns. This property is called
self-similarity.
Through the use of computers, a new geometry of
natural shapes, called fractal geometry, has arrived.
The word fractal is from the Latin word fractus,
meaning “broken up,” or “fragmented.” The fractal
shape shown in Figure 10.76 is, indeed, broken up. This
shape was obtained by repeatedly subtracting triangles
Magnified portion
from within triangles. From the midpoints of the sides
of triangle ABC, remove triangle A′B′C′. Repeat the
process for the three remaining triangles, then with each of the triangles left after
that, and so on ad infinitum.
The process of repeating a rule again and again to create a self-similar fractal
like the broken-up triangle is called iteration. The self-similar fractal shape in
Figure 10.77 was generated on a computer by iteration that involved subtracting
pyramids within pyramids. Computers can generate fractal shapes by carrying out
thousands or millions of iterations.
In 1975, Benoit Mandelbrot (1924–2010), the mathematician who developed
fractal geometry, published The Fractal Geometry of Nature. This book of beautiful
computer graphics shows images that look like actual mountains, coastlines,
underwater coral gardens, and flowers, all imitating nature’s forms. Many of the
realistic-looking landscapes that you see in movies are actually computer-generated
fractal images.

FIGURE 10 .77 Daryl H. Hepting and
Allan N. Snider, “Desktop Tetrahedron”
1990. Computer generated at the
University of Regina in Canada.

These images are computer-generated fractals.

Concept and Vocabulary Check
Fill in each blank so that the resulting statement is true.
1. In the geometry of graphs, a point is called a/an ________.
A line segment or curve that starts and ends at a point
is called a/an _______. A set of points connected by line
segments or curves is called a/an ________.
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2. In the geometry of graphs, if you can trace a graph without
lifting your pencil from the paper and without tracing an
edge more than once, then the graph is called _____________.
3. In topology, objects are classified according to the number of
holes in them, called their ________.
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4. In Euclidean geometry, a basic assumption states that given
a line and a point not on the line, one and only one line may
be drawn through the given point __________ to the given
line.
5. By changing the basic assumption in Exercise 4, we
obtain
________________ geometries. In one of these
geometries, called elliptic geometry, there are no __________
lines.
6. In fractal geometry, magnified portions of an object repeat
much of the pattern of the whole object, as well as new and
unexpected patterns. This property is called _______________.
The process of repeating a rule again and again to create
such a fractal image is called __________.
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In Exercises 7–10, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.
7. A graph that contains exactly three vertices, each of which is
even, is traversable. _______
8. A graph that contains exactly three vertices, each of which is
odd, is traversable. _______
9. A doughnut and a compact disc both have genus 1 and are
topologically equivalent. _______
10. In non-Euclidean geometries, the sum of the measures of
the angles of a triangle is not necessarily 180°. _______

Exercise Set 10.7
Practice and Application Exercises
For each graph in Exercises 1–6, a. Is the graph traversable?
b. If it is, describe a path that will traverse it.
1.

2. A

D

B

A

B

The figure below on the left shows the floor plan of a four-room
house. By representing rooms as vertices, the outside, E, as a vertex,
and doors as edges, the figure below on the right is a graph that
models the floor plan. Use these figures to solve Exercises 10–13.

E

C

A

3.

8. Determine if each vertex of the graph is even or odd.
9. Is the graph traversable?

C

D

7. Using each of the three red carbon atoms as a vertex and
each of the eight blue hydrogen atoms as a vertex, draw a
graph for the propane molecule.

E

E

4.
A
A

B

C

E

C

B

B

		

B

C

D

10. Use the floor plan to determine how many doors connect the
outside, E, to room A. How is this shown in the graph?

C

D

D

A

11. Use the floor plan to determine how many doors connect the
outside, E, to room C. How is this shown in the graph?
E

D

5. A

B

6.

A

12. Is the graph traversable? Explain your answer.
13. If the graph is traversable, determine a path to walk through
every room, using each door only once.

B

C

C

In Exercises 14–17, give the genus of each object.
15.

14.
D

D

E

E

F

The model shows the way that carbon atoms (red) and hydrogen
atoms (blue) link together to form a propane molecule. Use the
model to answer Exercises 7–9.
Propane

Pretzel
Pitcher

17.

16.

Wrench
Button

18. In Exercises 14–17, which objects are topologically
equivalent?
19. Draw (or find and describe) an object of genus 4 or
more.
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20. What does the figure shown illustrate about angles in a
triangle when the triangle is drawn on a sphere?

30. What is the genus of an object?
31. Describe how a rectangular solid and a sphere are
topologically equivalent.
32. State the assumption that Euclid made about parallel lines
that was altered in both hyperbolic and elliptic geometry.
33. How does hyperbolic geometry differ from Euclidean
geometry?
34. How does elliptic geometry differ from Euclidean geometry?

21. The figure shows a quadrilateral that was drawn on the
surface of a sphere. Angles C and D are obtuse angles. What
does the figure illustrate about the sum of the measures of
the four angles in a quadrilateral in elliptic geometry?
D

A

C

B

In Exercises 22–24, describe whether each figure shown exhibits
self-similarity.
22.

35. What is self-similarity? Describe an object in nature that has
this characteristic.
36. Some suggest that nature produces its many forms through
a combination of both iteration and a touch of randomness.
Describe what this means.
37. Find an Internet site devoted to fractals. Use the site to write
a paper on a specific use of fractals.
38. Did you know that laid end to end, the veins, arteries, and
capillaries of your body would reach over 40,000 miles?
However, your vascular system occupies a very small fraction
of your body’s volume. Describe a self-similar object in
nature, such as your vascular system, with enormous length
but relatively small volume.
39. Describe a difference between the shapes of man-made
objects and objects that occur in nature.
40. Explain what this short poem by Jonathan Swift has to do
with fractal images:

23.

So Nat’ralists observe, A Flea
Hath Smaller Fleas that on him prey
and these have smaller Fleas to bite’em
And so proceed, ad infinitum
41. In Tom Stoppard’s play Arcadia, the characters talk about
mathematics, including ideas from fractal geometry. Read
the play and write a paper on one of the ideas that the
characters discuss that is related to something presented in
this section.

Critical Thinking Exercises
24.

Make Sense?
In Exercises 42–45, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.
42. The most effective way to determine if a graph is traversable
is by trial and error.
43. Objects that appear to be quite different can be topologically
equivalent.

25. Consult an Internet site devoted to fractals and download
two fractal images that imitate nature’s forms. How is selfsimilarity shown in each image?

Explaining the Concepts

44. Non-Euclidean geometries can be used to prove that
the sum of the measures of a triangle’s angles is 180°.
45. Euclidean geometry serves as an excellent model for
describing the diverse forms that arise in nature.

26. What is a graph?
27. What does it mean if a graph is traversable?

Group Exercises

28. How do you determine whether or not a graph is
traversable?

46. This activity is suggested for two or three people. Research
some of the practical applications of topology. Present the
results of your research in a seminar to the entire class. You may
also want to include a discussion of some of topology’s more
unusal figures, such as the Klein bottle and the Möbius strip.

29. Describe one way in which topology is different than
Euclidean geometry.
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47. Research non-Euclidean geometry and plan a seminar
based on your group’s research. Each group member should
research one of the following five areas:
a. Present an overview of the history of the people who
developed non-Euclidean geometry. Who first used the
term and why did he never publish his work?
b. Present an overview of the connection between Saccheri
quadrilaterals and non-Euclidean geometry. Describe
the work of Girolamo Saccheri.
c. Describe how Albert Einstein applied the ideas of Gauss
and Riemann. Discuss the notion of curved space and a
fourth dimension.
d. Present examples of the work of M. C. Escher that provide
ways of visualizing hyperbolic and elliptic geometry.
e. Describe how non-Euclidean geometry changed the
direction of subsequent research in mathematics.
After all research has been completed, the group should
plan the order in which each group member will speak. Each
person should plan on taking about five minutes for his or
her portion of the presentation.
48. Albert Einstein’s theory of general relativity is concerned
with the structure, or the geometry, of the universe. In order
to describe the universe, Einstein discovered that he needed
four variables: three variables to locate an object in space
and a fourth variable describing time. This system is known
as space-time.
Because we are three-dimensional beings, how can
we imagine four dimensions? One interesting approach
to visualizing four dimensions is to consider an analogy of
a two-dimensional being struggling to understand three
dimensions. This approach first appeared in a book called
Flatland by Edwin Abbott, written around 1884.
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existence of anything outside their universe. A house in
Flatland would look like a blueprint or a line drawing to
us. If we were to draw a closed circle around Flatlanders,
they would be imprisoned in a cell with no way to see out
or escape because there is no way to move up and over the
circle. For a two-dimensional being moving only on a plane,
the idea of up would be incomprehensible. We could explain
that up means moving in a new direction, perpendicular to
the two dimensions they know, but it would be similar to
telling us we can move in the fourth dimension by traveling
perpendicular to our three dimensions.
Group members should obtain copies of or excerpts
from Edwin Abbott’s Flatland. We especially recommend
The Annotated Flatland, Perseus Publishing, 2002, with
fascinating commentary by mathematician and author Ian
Stewart. Once all group members have read the story, the
following questions are offered for group discussion.
a. How does the sphere, the visitor from the third
dimension, reflect the same narrow perspective as the
Flatlanders?
b. What are some of the sociological problems raised in the
story?
c. What happens when we have a certain way of seeing
the world that is challenged by coming into contact with
something quite different? Be as specific as possible,
citing either personal examples or historical examples.
d. How are A. Square’s difficulties in visualizing three
dimensions similar to those of a three-dimensional
dweller trying to visualize four dimensions?
e. How does the author reflect the overt sexism of his
time?
f.

Flatland describes an entire civilization of beings who
are two dimensional, living on a flat plane, unaware of the

What “upward not northward” ideas do you hold that,
if shared, would result in criticism, rejection, or a fate
similar to that of the narrator of Flatland?

Chapter Summary, Review, and Test
SUMMARY – DEFINITIONS AND CONCEPTS
10.1 Points, Lines, Planes, and Angles

EXAMPLES

QT
QT
T
T
a. Line AB ( AB or BA ), half-line AB (°AB ), ray AB (AB ), and line segment AB (AB or BA) are
represented in Figure 10.2 on page 616.
1
b. Angles are measured in degrees. A degree, 1°, is 360
of a complete rotation. Acute angles measure less
than 90°, right angles 90°, obtuse angles more than 90° but less than 180°, and straight angles 180°.

Ex. 1, p. 617

c. Complementary angles are two angles whose measures have a sum of 90°. Supplementary angles are two
angles whose measures have a sum of 180°.

Ex. 2, p. 618;

d. Vertical angles have the same measure.

Ex. 4, p. 619

e. If parallel lines are intersected by a transversal, alternate interior angles, alternate exterior angles, and
corresponding angles have the same measure.

Ex. 5, p. 621

Ex. 3, p. 619

10.2 Triangles
a. The sum of the measures of the three angles of any triangle is 180°.

Ex. 1, p. 626;
Ex. 2, p. 626

b. Triangles can be classified by angles (acute, right, obtuse) or by sides (isosceles, equilateral, scalene).
See the box on page 627.
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c. Similar triangles have the same shape, but not necessarily the same size. Corresponding angles have the
same measure and corresponding sides are proportional. If the measures of two angles of one triangle
are equal to those of two angles of a second triangle, then the two triangles are similar.
d. The Pythagorean Theorem: The sum of the squares of the lengths of the legs of a right triangle equals the
square of the length of the hypotenuse.

Ex. 3, p. 628;
Ex. 4, p. 629
Ex. 5, p. 630;
Ex. 6, p. 630;
Ex. 7, p. 631

10.3 Polygons, Perimeter, and Tessellations
a. A polygon is a closed geometric figure in a plane formed by three or more line segments. Names of
some polygons, given in Table 10.2 on page 638, include triangles (three sides), quadrilaterals (four sides),
pentagons (five sides), hexagons (six sides), heptagons (seven sides), and octagons (eight sides). A regular
polygon is one whose sides are all the same length and whose angles all have the same measure. The
perimeter of a polygon is the sum of the lengths of its sides.
b. Types of quadrilaterals, including the parallelogram, rhombus, rectangle, square, and trapezoid, and their
characteristics, are given in Table 10.3 on page 638.

Ex. 1, p. 639

c. The sum of the measures of the angles of an n-sided polygon is (n - 2)180°. If the n-sided polygon is a
(n - 2)180°
regular polygon, then each angle measures
.
n

Ex. 2, p. 640

d. A tessellation is a pattern consisting of the repeated use of the same geometric figures to completely
cover a plane, leaving no gaps and having no overlaps. The angle requirement for the formation of a
tessellation is that the sum of the measures of the angles at each vertex must be 360°.

Ex. 3, p. 641

10.4 Area and Circumference
a. Formulas for Area

Ex. 1, p. 646;

Rectangle: A = lw; Square: A = s2; Parallelogram: A = bh;
Triangle: A =

1
2 bh; Trapezoid:

A =

1
2 h(a

+ b)

Ex. 2, p. 647;
Ex. 3, p. 648;
Ex. 4, p. 649;
Ex. 5, p. 650

b. Circles

Ex. 6, p. 651;
Ex. 7, p. 651;

Circumference: C = 2pr or C = pd
Area: A = pr

2

Ex. 8, p. 652;

10.5 Volume and Surface Area
a. Formulas for Volume

Ex. 1, p. 658;
3

Rectangular Solid: V = lwh; Cube: V = s ; Pyramid: V =
2

Cylinder: V = pr h; Cone: V =

1
3 Bh;

1
2
3 pr h

Sphere: V = 43pr 3

Ex. 2, p. 658;
Ex. 3, p. 659;
Ex. 4, p. 660;
Ex. 5, p. 661;
Ex. 6, p. 661

b. Formulas for surface area are given in Table 10.4 on page 662.

Ex. 7, p. 662

10.6 Right Triangle Trigonometry
a. Trigonometric ratios, sin A, cos A, and tan A, are defined in the box on page 666.

Ex. 1, p. 667

b. Given one side and the measure of an acute angle of a right triangle, the trigonometric ratios can be used
to find the measures of the other parts of the right triangle.

Ex. 2, p. 668;
Ex. 3, p. 669;
Ex. 4, p. 670

c. Given the measures of two sides of a right triangle, the measures of the acute angles can be found using

Ex. 5, p. 670

the inverse trigonometric ratio keys SIN-1 , COS-1 , and TAN-1 , on a calculator.

10.7 Beyond Euclidean Geometry
a. A vertex is a point. An edge is a line segment or curve that starts and ends at a vertex. Vertices and edges
form a graph. A vertex with an odd number of edges is odd; one with an even number of edges is even.
A traversable graph is one that can be traced without removing the pencil from the paper and without
tracing an edge more than once. A graph with all even vertices or one with exactly two odd vertices is
traversable. With more than two odd vertices, the graph cannot be traversed.

M10B_BLIT3713_07_SE_C10B_657-692.indd 686

Ex. 1, p. 677

22/11/17 3:11 pm

Chapter Summary, Review, and Test

687

b. In topology, shapes are twisted, stretched, bent, and shrunk. The genus of an object refers to the number
of holes in the object. Objects with the same genus are topologically equivalent.
c. Non-Euclidean geometries, including hyperbolic geometry and elliptic geometry, are outlined in
Table 10.5 on page 681.
d. Fractal geometry includes self-similar forms; magnified portions of such forms repeat much of the
pattern of the whole form.

Review Exercises
10.1
In the figure shown, lines l and m are parallel. In Exercises 1–7,
match each term with the numbered angle or angles in the figure.
4

13. In the figure shown, two parallel lines are intersected by
a transversal. One of the angle measures is given. Find
the measure of each of the other seven angles.

5
l

6
1

2

42°
4

3

1
3

6

m

2

5
7

10.2

1. right angle
2. obtuse angle
3. vertical angles

In Exercises 14–15, find the measure of angle A for the triangle
shown.

4. alternate interior angles

14. B

5. corresponding angles

15.
60°

6. the complement of ∡1

A

7. the supplement of ∡6
In Exercises 8–9, find the measure of the angle in which a
question mark with a degree symbol appears.

48°
C

8.

?°

C

39°

A

B

16. Find the measures of angles 1 through 5 in the figure
shown.

115°

9.

50°
2 1

3

40°

?°

5

4

41°

10. If an angle measures 73°, find the measure of its complement.

17. In the figure shown, lines l and m are parallel. Find the
measure of each numbered angle.

11. If an angle measures 46°, find the measure of its supplement.
12. In the figure shown, find the measures of angles 1, 2, and 3.

3

2
70°

1

6

l

m

115°

1
3

4
5

2
35°
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In Exercises 18–19, use similar triangles and the fact that
corresponding sides are proportional to find the length of each
side marked with an x.
8 ft

18.

4 ft

10.3
26. Write the names of all quadrilaterals that always have four
right angles.

x

10 ft

25. A vertical pole is to be supported by three wires. Each
wire is 13 yards long and is anchored 5 yards from the
base of the pole. How far up the pole will the wires be
attached?

27. Write the names of all quadrilaterals with four sides
always having the same measure.

19.

28. Write the names of all quadrilaterals that do not always
have four angles with the same measure.
9 ft

In Exercises 29–31, find the perimeter of the figure shown.
Express the perimeter using the same unit of measure that
appears in the figure.

x
7 ft

5 ft

In Exercises 20–22, use the Pythagorean Theorem to find the
missing length in each right triangle. Round, if necessary, to the
nearest tenth.

9 cm

29.

6 cm

20.
6 ft

30.

1240 yd

8 ft

21.

22.

1000 yd

1000 yd

930 yd

15 cm

4 in.

1240 yd

6 in.

11 cm

23. Find the height of the lamppost in the figure.

12 m

31.
2m

10 m

7m
x ft

33. Find the sum of the measures of the angles of an
octagon.

5 ft
6 ft

32. Find the sum of the measures of the angles of a 12-sided
polygon.

34. The figure shown is a regular polygon. Find the measures
of angle 1 and angle 2.

9 ft

2

1

24. How far away from the building in the figure shown is the
bottom of the ladder?

25 ft

20 ft

35. A carpenter is installing a baseboard around a room that
has a length of 35 feet and a width of 15 feet. The room
has four doorways and each doorway is 3 feet wide. If
no baseboard is to be put across the doorways and the
cost of the baseboard is $1.50 per foot, what is the cost of
installing the baseboard around the room?

? ft
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36. Use the following tessellation to solve this exercise.

44.

689

8m
2m
4m
2m
6m

In Exercises 45–46, find the area of each shaded region. Where
necessary, express answers in terms of p and then round to the
nearest tenth.
a. Name the types of regular polygons that surround each
vertex.

45.

24 ft

b. Determine the number of angles that come together at
each vertex, as well as the measures of these angles.

13 ft

c. Use the angle measures from part (b) to explain why
the tessellation is possible.
37. Can a tessellation be created using only regular
hexagons? Explain your answer.

5 ft

46.

10.4

4 in.

In Exercises 38–41, find the area of each figure.
38.

6.5 ft

47. What will it cost to carpet a rectangular floor measuring 15 feet
by 21 feet if the carpet costs $22.50 per square yard?
48. What will it cost to cover a rectangular floor measuring
40 feet by 50 feet with square tiles that measure 2 feet on
each side if a package of 10 tiles costs $13?

5 ft

49. How much fencing, to the nearest whole yard, is needed to
enclose a circular garden that measures 10 yards across?

39.

5m
6m

4m

6m

5m
12 cm

40.

10.5
In Exercises 50–54, find the volume of each figure. Where
necessary, express answers in terms of p and then round to the
nearest whole number.
50.

10 cm

5 cm

4 cm

20 cm
5 yd

41.

12 yd

3 cm

15 yd

10 yd

5 cm

52.

51.
10 m

22 yd

8 yd

42. Find the circumference and the area of a circle with a
diameter of 20 meters. Express answers in terms of p and
then round to the nearest tenth.

4 yd
10 m

In Exercises 43–44, find the area of each figure.
43.

8m
9m

8 in.

53.
12 in.

54.

28 in.
40 in.

6m

12 in.
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55. Find the surface area of the figure shown.

63. Find the measure of angle A in the right triangle shown.
Round to the nearest whole degree.
B

6m

3m

20 yd

17 yd

A

5m

56. A train is being loaded with shipping boxes. Each box is
8 meters long, 4 meters wide, and 3 meters high. If there
are 50 shipping boxes, how much space is needed?
57. An Egyptian pyramid has a square base measuring
145 meters on each side. If the height of the pyramid is
93 meters, find its volume.

C

64. A hiker climbs for a half mile (2640 feet) up a slope
whose inclination is 17°. How many feet of altitude, to the
nearest foot, does the hiker gain?
65. To find the distance across a lake, a surveyor took the
measurements in the figure shown. What is the distance
across the lake? Round to the nearest meter.

58. What is the cost of concrete for a walkway that is 27 feet
long, 4 feet wide, and 6 inches deep if the concrete is
$40 per cubic yard?

10.6
59. Use the right triangle shown to find ratios, in reduced form,
for sin A, cos A, and tan A.

32°
50 m

B

66. When a six-foot pole casts a four-foot shadow, what is
the angle of elevation of the Sun? Round to the nearest
whole degree.

9
A

10.7

C

12

In Exercises 60–62, find the measure of the side of the right
triangle whose length is designated by a lowercase letter. Round
answers to the nearest whole number.
B
60.

For each graph in Exercises 67–68, determine whether it is
traversable. If it is, describe a path that will traverse it.
67. A

B

68. A

B

D

C

C

a
23°
A

100 mm
B

61.

c

A

62.

C

D

E

In Exercises 69–72, give the genus of each object. Which objects
are topologically equivalent?

20 cm

61°

69.

70.

71.

72.

C

B

a

C

50 in.

73. State Euclid’s assumption about parallel lines
that no longer applies in hyperbolic and elliptic
geometry.

48°

74. What is self-similarity? Describe an object in nature that
has this characteristic.

A
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Chapter 10 Test
1. If an angle measures 54°, find the measure of its
complement and supplement.
In Exercises 2–4, use the figure shown to find the measure of
angle 1.
2.

133°

9. Which one of the following names a quadrilateral in
which the sides that meet at each vertex have the same
measure?
a. rectangle

b. parallelogram

c. trapezoid

d. rhombus

10. Use the following tessellation to solve this exercise.
RCTCNNGNNKPGU

1

3.

1

40°

70°

a. Name the types of regular polygons that surround each
vertex.

4.

b. Determine the number of angles that come together
at each vertex, as well as the measures of these
angles.

100°

c. Use the angle measures from part (b) to explain why
the tessellation is possible.

1
65°

In Exercises 11–12, find the area of each figure.
11.

5. The triangles in the figure are similar. Find the length of the
side marked with an x.

26 m

B

47 m

12.

E

10 in.

40 m
22 m

30 in.

4 in.
15 in.

A

C

8 in.

D

x

F
40 in.

6. A vertical pole is to be supported by three wires. Each
wire is 26 feet long and is anchored 24 feet from the base
of the pole. How far up the pole should the wires be
attached?
7. Find the sum of the measures of the angles of a ten-sided
polygon.
8. Find the perimeter of the figure shown.

13. The right triangle shown has one leg of length 5 centimeters
and a hypotenuse of length 13 centimeters.
5 cm

13 cm

a. Find the length of the other leg.
b. What is the perimeter of the triangle?

12 cm

c. What is the area of the triangle?
14. Find the circumference and area of a circle with a diameter
of 40 meters. Express answers in terms of p and then round
to the nearest tenth.

8 cm
5 cm

9 cm
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In Exercises 16–18, find the volume of each figure. If necessary,
express the answer in terms of p and then round to the nearest
whole number.
16.

19. Find the measure, to the nearest whole number, of the side
of the right triangle whose length is designated by c.
B
c

40 cm
3 ft

28°
C

2 ft

3 ft

17.
h=4m

3m

18.

A

20. At a certain time of day, the angle of elevation of the Sun
is 34°. If a building casts a shadow measuring 104 feet, find
the height of the building to the nearest foot.
21. Determine if the graph shown is traversable. If it is, describe
a path that will traverse it.
A

B
4m
C

5 cm
7 cm
D

E

22. Describe a difference between the shapes of fractal
geometry and those of Euclidean geometry.
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